Abstract 



The Thurston compactification of Teichmiiller spaces has been gener- 
ahzed to many different representation spaces by J. Morgan, P. Shalen, 
M. Bestvina, F. Pauhn, A. Parreau and others. In the simplest case of 
representations of fundamental groups of closed hyperbolic surfaces in 
PSL{2,M.), we prove that this compactification is very degenerated: the 
nice behaviour of the Thurston compactification of the Teichmiiller space 
contrasts with wild phenomena happening on the boundary of the other 
connected components of these representation spaces. We prove that it 
is more natural to consider a refinement of this compactification, which 
remembers the orientation of the hyperbolic plane. The ideal points of 
this compactification are fat R-trees, i.e., M-trees equipped with a planar 
structure. 
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1 Introduction 



Let r be a group with a given finite generating set S. In all this text, 
we consider the space Rrin) = Hom(T,Isom~^{W^)) of actions of T on the 
real hyperbolic space of dimension n by isometries preserving the orientation. 
The set Rr{n) naturally embeds in {I som^ (W^))^ , giving it a HausdorfF, lo- 
cally compact topology. The Lie groups Isom+(]HI") and Isom(EI") act on 
Rrin) by conjugation, and we will consider the quotients RY{n)/Isom{W^) 
and Rr{n)/Isom'^(IP), equipped with their quotient topologies. 

We will mainly focus on the case when T = vriSg is the fundamental group 
of a closed surface of genus g, with a given standard presentation (i.e., a 
marking); we then denote Rg{n) = R-Kj^Tjgin). Also, we are mainly interested 
in the case n = 2 (thus /som+(El2) = PSL{2,M)), and we denote Rg = Rg{2). 

The space Rg is a real algebraic variety (see |CS83j ). and is smooth, of 
dimension Qg — 3, outside of the set of abelian representations (see |Gol84] ) . 
Outside of the set of (classes of) elementary representations (i.e., having a 
global fixed point in U SM^), the quotient Rg/PSL{2,M), equipped with 
the quotient topology, is again smooth of dimension 65 — 6; one of its connected 
components is naturally identified with the Teichmiiller space of the surface 
(see [Gd8nllGd88j l. 

A function e: Rg — > Z, called the Euler class, plays a key role in under- 
standing the spaces Rg and Rg/ PSL{2, M). There are several ways to define it; 
for instance, a representation p £ Rg defines a circle bundle on T,g, which has 
a Z-valued characteristic class, the Euler class. We will give complete recalls 
on this Euler class in section [231 and refer to |Mil58[ IWooTll |Ghy87al IMat87[ 
IGol88[ ICal04j for a deep understanding of this class. 

In 1988, W. Goldman proved [Gol88j that Rg possesses ig — 3 connected 
components, which are the preimages e~^{k), for 2 — 2g<k<2g — 2 (the 
fact that the absolute value of the Euler class is bounded by 2g — 2 was previ- 
ously known as the Milnor-Wood inequality, see |Mil58l IWooTlj ). He proved, 
moreover, that the components e~^(2 — 2g) and e~^{2g — 2) consist precisely 
in all the discrete and faithful representations of ttiS^ into PSL{2,M.). He 
also proved that the space Rg{3) = Hom{TriT,g, PSL{2, C)) has two connected 
components. The elements of Rg{2) of even Euler class, on one hand, and 
the ones of odd Euler class on the other hand, fall into these two different 
components of Rg{3). 

The Euler class is still well-defined in the quotient space Rg/PSL(2, M) (we 
denote e: Rg/PSL{2,M) Z), whence the space Rg/ PSL{2,M.) also admits 
4(7 — 3 connected components, similarly. However, only the absolute value 
of the Euler class is defined on Rg / 1 som{M.'^) , which has 2g — 1 connected 
components. In Rg/ PSL{2,M.), the connected component e~^(2 — 2g) is nat- 
urally identified with the Teichmiiller space of Sg, and e^^{2g — 2) is the 
space of marked hyperbolic metrics of constant curvature —1 on the surface 
'Eg equipped with the opposite orientation. These consist in all the classes of 
discrete and faithful representations, given by the holonomies of such struc- 
tures. 
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In 1976, W. Thurston }Thu88j introduced a natural compactification of 
Teichmiiller spaces; his construction was intensively studied and detailed in 
|FLP91j . Recall that the Teichmiiller space of the surface, e~^(2 — 2g), is 
the space of marked hyperbolic metrics on S^, of constant curvature —1. A 
natural system of coordinates, on the Teichmiiller space, consists in taking the 
lengths of closed geodesies on the surface. In that way, one proves that the Te- 
ichmiiller space is homeomorphic to M^^~^ (indeed, the lengths of 65 — 6 curves 
suffice to parameter hyperbolic metrics). W. Thurston's compactification of 
the Teichmiiller space consists in embedding this space into a projective space 
(thus, considering lengths only up to a scalar), in which the Teichmiiller space 
has relatively compact image. A very important feature of this compactifica- 
tion is that the boundary added to the Teichmiiller space is homeomorphic to 
a sphere of dimension 6g — 7, in such a way that the Thurston compactification 
of the Teichmiiller space is homeomorphic to a closed ball of dimension 6g — 6. 

This compactification has been extended to other connected components 
of Rg/PSL{2,M), and to other representation spaces in successive works. In 
1984, J. Morgan and P. Shalen jMS84] . using techniques of algebraic geometry, 
defined a compactification of the real algebraic variety -^r,SL(2,M) of characters 

of representations of F in SL{2,'K). We denote ^r,SL(2,R)*^'^ this compact- 

ification, and -^g,5L{2,iR) in the case T = vriSg. Since all the representa- 
tions of even Euler class in PSL{2,M) (and, in particular, elements of the 
Teichmiiller space) lift to SL{2,W) (see e.g. |Gol88] ). this defines a compacti- 
fication of Teichmiiller spaces, and it coincides with the one of W. Thurston's. 
In |Mor86j . J. Morgan generalized this construction to the group 50(72,1), 
for n > 2. In 1988 |Bes88[ IPau88j . M. Bestvina and F. Pauhn, indepen- 
dently, gave a much more geometric viewpoint to this compactification, for 
representations in Isom'^{W^), n > 2. F. Paulin proved that the quotient 
topology, on the space RY'{n) / 1 som{M^) , coincides with the equivariant Gro- 
mov topology (which we will discuss in detail in the section 12. 2|) . Equipped 
with this topology, the space m(,'^{n) of (conjugacy classes of) faithful and 
discrete representations has a natural compactification, which recovers the 
compactification of |Mor86t IMS84| . Note, finally, that A. Parreau extended 
[Par] this compactification to representation spaces in higher rank groups. 

This compactification being well-defined, it is a natural question to ask if 
it respects the topology and geometry of Rg/ PSL{2,'R), as does the Thurston 
compactification, when restricted to the Teichmiiller space alone. We shall 
prove that it is not the case, and that this compactification, as defined in all 
the works mentioned above, leads to a very degenerate space. 

The works of J. Morgan and P. Shalen, of M. Bestvina and of F. Paulin 
all yield the same compactification, and we shall follow the approach of F. 
Paulin, in which it is easier to add a notion of orientation. In order to use 
F. Paulin's construction, we first define explicitly the biggest Hausdorff quo- 
tients of Rr{n)/ Isom{W^) and Rr{n)/Isom'^{liV'), that we denote m^{n) and 
mp(n), respectively (indeed, these spaces are not Hausdorff in general, so that 
M. Bestvina and F. Paulin's constructions cannot be extended literally to 
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these spaces). Again, we write mp = mp(2), m'^{n) = mT^-^Y.g{n) and so on. 
Note that, in the space m^, only the absolute value of the Euler class is still 
defined, and possesses 2g — l connected components. We denote by m^{n) 
the compactification of m'^{n) as it is constructed by F. Paulin. 

Also, in all this text, for all G {2 — 2g, . . . ,2g — 2}, we will denote by 
rUg ^ the subset of m° consisting of classes of representations of Euler class k, 
and foT k G {0, . . . ,2g — 2}, will denote the connected component of 
consisting of classes of representations whose Euler class, in absolute value, 
equals k. 

Theorem 1.1 Let g > 4 and k € {0, . . . ,2g — 3} . Then, in rrig, the boundary 
of the TeichmuUer space, dm^2g-2' ^-^ contained in dm^j^ as a closed, nowhere 
dense subset. 

In particular. 
Corollary 1.2 For all g > 4:, m^(2) is connected. 

We also prove that for g = 2 and g = 3, the space m'^{2) possesses at most 
two connected components. Actually, theorem 11.11 should hold for all > 2, 
but in the case where k = 1 the proofs presented here request that g > A. 

In particular, the two connected components of Hom{Tri'Eg, PSL{2, C))/PSL{2, C) 
meet at their boundary in this compactification, as soon as g >3: 

Corollary 1.3 For all g >3, the space w.^(3) is connected. 

If we consider only representations of even Euler class (i.e., that lift to 
SL{2,R)) then the result holds for all g>2: 



Corollary 1.4 For all g >2, the space ^g,5L(2,R) ^-s connected. 

Theorem 11.11 not only implies that the space rn^ is connected, but it also 
implies that this space is particularly degenerated. Since the connected com- 
ponents are of dimension 6(7 — 6 (see |Gol84j . section 1), one should expect 
that the boundary dm^ ^ has dimension &g — 7. However, the boundary of the 
Teichmiiller space itself has dimension 6g — 7 (see e.g. [FLPQlj . expose 1, theo- 
rem 1). Therefore, it follows from theorem 11.11 that the compactifications tti^ 
of the "exotic" connected components (i.e., the connected components 
such that \k\ <2g — 3) have no PL structures, or cell complex structures or so 
on, compatible with the compactification. This contrasts very strongly with 
the behaviour of the Thurston compactification of the Teichmiiller spaces. 

The proof of theorem 11.11 uses the following fact, interesting for itself: 

Proposition 1.5 For all k such that \k\ <2g — 2, the connected components 
m° and are one-ended (i.e., all the connected components of m° and 

irig are one- ended). 
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Actually, for all k ^ 0, this follows from a theorem of N. Hitchin (see |Hit87j . 
proposition 10.2), which says that the connected component is home- 

omorphic to a complex vector bundle over the {2g — 2 — |A;|)-th symmetric 
product of the surface S^. However, the proof of proposition 11.51 is far more 
simple and extends to the case k = 0. 

The degeneration of the compactification of nig is due (at least) to the 
fact that the equivariant Gromov topology forgets the orientation of the space 
H". This information, in the case n = 2, is the information carrying the 
Euler class, and which separates the space into its connected components. 
By restauring this orientation we will define a new compactification of these 
representation spaces, cancelling (partly, at least) this degeneration. 

We define a notion of convergence in the sense of Gromov for oriented 
spaces, which preserves the orientation. This enables us to define a new com- 
pactification of m-p, in which the ideal points, added at the boundary, are fat 
R-trees, that is, M-trees together with an "orientation". These fat M-trees 
form a set T°(T), which compactifies the space m^: 

Theorem 1.6 The map m^UT°(T) induces a natural compactification 

of m^. Moreover, the natural map it : rrip, which consists in forgetting 

the orientation, is onto, and some of its fibres have the same cardinality as M. 

By natural, we mean, following F. Paulin |Pau04j . that the action of the map- 
ping class group extends continuously to the compact space m°. 

One can define an Euler class in a quite general context, as we will see 
in the section [2^31 In particular, the actions of vriS^ on fat M-trees admit an 
Euler class, and we shall prove the following: 

Theorem 1.7 The Euler class e : m° Z is a continuous function. In 
particular, the compactification m° possesses as many connected components 
as the space m°. 

In theorem 11.61 the fact that some fibres of the map vr have the same 
cardinality as M will depend on the following remarkable property of rigidity 
of non discrete representations of vriSg in PSL{2, M). Let a denote the natural 
cyclic order on SH^ = i.e., for all a,b,c G S^, put o{a,b,c) = if two of 
these three points coincide, 1 if o, b, c are met in the anticlockwise order on 
the circle, and —1 otherwise. 

Proposition 1.8 Let pi,p2 G Rg be two non discrete, non elementary repre- 
sentations, and let ai,a2 G dM.'^. Suppose that for all 71,72,73 G ^riSg, 

o(/0i(7i) • ai,/0i(72) • ai,pi(73) • ai) = o(p2(7i) • a2,P2(72) • a2,/02(73) • 0.2)- 

Then there exists g S PSL{2,W) such that pi = gp2g~^ ■ 

In other words, two representations are conjugate if and only if they have 
orbits which are isomorphic as cyclically ordered sets. It follows that two 
non elementary, non discrete representations are conjugate by an element of 



6 



PSL{2, M) if and only if they are conjugate by an element of -ffomeo^(S^), as 
representations in Homeo^{S^). Since all the orbits of these representations 
are dense in S^, it follows from proposition 2-2 of E. Ghys |Ghy87b] that two 
non elementary, non discrete representations are conjugate in PSL{2, M) if and 
only if they are topologically semi-conjugate, which is equivalent to saying that 
they define the same element in the bounded cohomology group H^^niTig,!,) 
(see |Ghy87b| ). 

This contrasts drastically with the case of representations of maximal Euler 
class. A theorem of S. Matsumoto jMat87j states that if two representations 
of TTiSg in Homeo'^m^) both have Euler class 2g — 2 then they are conjugate. 
In other words, in the space Hom{'KiT,g, Homeo'^(S^))/Homeo~^{E>^), the sub- 
space e~^[2g—2) is a single point, whereas e~^{k), for \k\ < 2g—3, contains the 
injective image of a space of dimension 651 — 6 (indeed, it is proved in |FW07j . 
proposition 4.4, see also |Wol07j . proposition 4.1.15) that the space of non el- 
ementary, non discrete representations is an open and dense subspace of each 
connected component of Hom{7TiTig, PSL{2,M.))/PSL{2,M) of non extremal 
Euler class. 

By theorem 11.61 it is a necessary condition, for an action of vriS^ on an M- 
tree to be in rrig, to preserve some orientation. In particular, we can construct 
explicit actions on M-trees which are not the limit of actions of surface groups 
on H^. These explicit actions can even be obtained as limits of actions of 
surface groups on H^, so that we get the following proposition: 

Proposition 1.9 Let g >3. There exist minimal actions of Hi's g on M-trees 
by isometries, which are in c?m^(3) hut not in dm'^{2). 

This contrasts severely with the case of discrete and faithful representa- 
tions. Indeed, R. Skora |Sko96| proved that a minimal action of vriSg on 
an M-tree has small arc stabilizers (i.e., the stabilizer of any pair of distinct 
points of the tree is virtually abelian) if and only if it is the limit of dis- 
crete and faithful representations of vriSg in PSL{2, M) (or equivalently, it is a 
point in the boundary of the Teichmiiller space), and it is well-known (see e.g. 
|MS841 IPau88l IBes88j ) that limits of discrete and faithful representations in 
Isom'^{W^) enjoy that property. As a corollary of R. Skora's result, we thus 

have dmg'^{n) = dmg'^{2). When we consider representations which may not 
be faithful and discrete, proposition 11.91 states that this equality does not hold 
any more. 

Note that C. McMullen has developed, independently, a theory of oriented 
M-trees, under the name of ribbon M-trees, in |McMj . in order to compactify 
the set of proper holomorphic maps from the unit disk A C C into itself. 

This text is organized as follows. Section 2 gathers every background 
material concerning the spaces that we wish to compactify. Section 2.1 is 
devoted to the explicit construction of mf{n) and m^{n), the biggest Hausdorff 
quotients of Rr{n) / 1 som{W^) and Rr{n) / 1 som'^ (W^) . In section 2.2, we give 
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some recalls on F. Paulin's point of view on the compactification of mp(n), 
while adapting it slightly so that it indeed defines a compactification of the 
whole space mf{n). In section 2.3, we recall the construction of the Euler class, 
and establish a technical lemma which will enable us to prove that the Euler 
class extends continuously to the boundary (in the oriented compactification) 
of m° (theorem ll.7p . Section 2.4 is devoted to the proof of proposition 11.81 
Section 2.5 recalls an argument of Z. Sela in the context of limit groups, which 
plays a key role in the proof of theorem 11.11 Section 3 contains the core of our 
results on the compactification. It begins with the proof of proposition 11.51 
then turns to the degenerations of rrig, and finally we construct the oriented 
compactification. 
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2 Preliminaries 

2.1 The representation spaces 

Let us first remark that the quotient spaces mp(n) = RY{n)/Isom^{M"'] 
and Rr{n) / 1 som{W^') are not Hausdorff in general. Indeed, in /som'^(E[^) = 

I l \ . . , , / 1 7^ 



PSL{2,R), the matrix \^ ^ i J conjugate to |^ ^ ^ J, for all t e M*, 

hence its conjugacy class cannot be separated from the one of the identity. As 
soon as there exists a morphism of T onto Z, we can therefore construct abelian 
representations of T in PS'L(2,M), and more generally in Isom~^{M"') (which 
contains isomorphic copies of PSL(2,M)), which are not separated from the 
trivial representation in these quotient spaces. 

However, in order to use F. Paulin's construction of the compactification 
of these representation spaces, we need to work with Hausdorff spaces. 

Most of the arguments presented in this section can be expressed in a more 
algebraic manner, and can be generalized to every semi-simple Lie groups 
(see [Par]). The construction we propose here uses only tools of hyperbolic 
geometry. 

In order to set up the notations, we first make some recalls on the real 
hyperbolic space H" and its group of orientation-preserving isometrics. We 
will be using the hyperboloid model, and we refer to |BP92] . Chapter A, for a 
complete overview). 
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Equip the space M."''^^ with the quadratic form 

q{xo, Xi,...,Xn) = xqXi + ^ (x| H \-xD . 

The set {x G W-+'^\q{x) = -l} (where x stands for (xq, ... ,Xn) G M"+i) 
has two connected components, and the set is defined as 

W = {xe W+^\q{x) = -1, xi-Xo>0}. 

The form {x, y) = xqUi + xiyo + X2y2 + • • • + XnVn defines a scalar product 
on the tangent space at each point of H", hence a Riemannian metric on H"'. 
The geodesies of this space are its intersections with the (vectorial) planes of 

Denote by SOR{n, 1) the subgroup of SL{n + 1,M) consisting of elements 
preserving q. Denote by SO^{n, 1) the index 2 subgroup of 30^(71, 1) formed 
by elements preserving H" (the other elements exchange the two connected 
components of g~^(— 1)). Then SO^{n, 1) is the group of orientation-preserving 
isometrics of H". 

The image of H" on the hyperplane {xq —xi =0}, under the stereographic 
projection of center (^"^' ~"^) 0) • • • ) is an open disk of centre and radius 
1; we denote it D". This yields the usual compactification of H", and the 
projection of any geodesic of H" on B" is a geodesic in !])"■ for the Poincare 
metric. 

In SO^{n, 1), the stabilizer of the point (751 -755 0> • • • > o) ^ dW is the 
subgroup of 50^(71, 1) formed by matrices of the form 




with A > 0, ^ e SO{n - 1), \\Y\\^ = and A^Y = -\Z. The subgroup of 
elements which also fix the point {^^1 ^i^-i ■ ■ ■ 1^ ^ {sxiA. in particular, 
which preserve globally the geodesic H" n {x2 = • • • = x„ = 0}) is formed by 
matrices of the form 

A (0) 

\ (0) 
(0) (0) A 

with A > et G SO{n — 1). By analogy with the classical case n = 
2, and with the model of the upper half plane, we denote by the point 

(72' "73' °' • • • ' °) ^ P°™^ TS' °' • ■ • ' °) ^ ^^"^ 

noted 00. 

Elements of SO^{n, 1) having a fixed point in H" are called elliptic, ele- 
ments with a unique fixed point in dW^ are termed parabolic, and elements 
ip G SO^{n,l) such that mix^w^ d{x , (p{x)) > (this lower bound is then 
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achieved) are called loxodromic. Loxodromic isometries fix two points in 
and are conjugate to a matrix of the form 

A (0) 

i (0) 

(0) (0) A 

When A = Id, we also say that (p is hyperbolic. 

In some texts (which do not inchidc this paper), in the case n = 2, the 
identity is not considered as an elliptic element. 

The lower bound 

d(u) = inf d(x, u ■ x) 

is achieved if and only if u is non parabolic. In that case we denote by min(n) 
the set {x G H"' I d{x,u-x) = d{u)}, and if r > 0, the set {x G H" | d{x,u-x) < 
r + d{u)} is denoted nimr{u). 

The following lemma will be necessary to prove the local compactness of 
the quotients mp(n) and mp(ra). 

Lemma 2.1 Let u G I som'^ (W^) be a non parabolic element. Then m.m.r{u) 
is at bounded distance o/min(ti). More explicitly, for all r > 0, there exists 
k > such that for all x G minj.(ti) we have d{x,mm{u)) < k. 

Proof 

First suppose that u is loxodromic. In the following figure in the hyperbolic 
plane, the cosine law I gives the formula 



b 

cosh 0=1 + cosh^ a(cosh 6—1). 
In particular, for all x G M" we have 

cosh {d{x, u ■ x)) > 1 + (cosh(d(n)) — 1) • cosh^ {d{x, min(u))) , 

hence the lemma, in that case. 

Now suppose that u fixes a unique point xq in H". Then the angle between 
[xo,x] and [xojit^;]) as x describes the sphere of radius 1 around zq, achieves 
a minimum 6q ^ 0. For all x G \ {xq}, denote by 9{x) the angle, at xq, in 
the triangle A(x, xq, u ■ x). The cosine law I in this triangle then gives 

cosh(d(x, u • x)) = 1 + sinh^((i(x, min(7i)))(l — cos 0) 
> 1 + sinh^((i(x, min(tt)))(l — cos 6*0), 

which proves the lemma in this case. 

Suppose finally that u is elliptic, and fixes pointwise (at least) a geodesic in 
H". Choose a point xq G min(M). For all x G H", denote 7r(x) the projection 



10 



of X on min(n). Up to conjugating by an isometry which commutes with n, 
we may suppose that tt{x) is the point xq. Then, as x describes the compact 
set {x G ]HI"|7r(.T) = xq, d{x,XQ) = 1}, the angle between the segments [.to,x] 
and [a;o,vr(.T)] achieves a minimum Oq ^ 0. One finds once again, as in the 
preceding case, for all x G H", the formula 



Also, we shall use the following classical property: 
Proposition 2.2 For every x G H", and every d G M, the set 

{7 G Isom{ir) I d{x, 7x) < d} 

is compact. 

Now we can define the space mj'{n): 

Definition 2.3 We denote by m^{n) the subspace of m'Y{n) formed by classes 
of representations which have either 0, or at least 2 global fixed points in dW^ . 

We have an application i : (n) ^ m'p (n) . We can also define an applica- 
tion vr: mp(n) m^{n) as follows. If c G mp(n), put 7r(c) = c (in particular, 
TT is onto). If c = [p] G mp(n) \ mp(n), then p possesses a unique fixed point 
ri G 9BI". Choose another point r2 G dW^ \ {ri} arbitrarily, and denote by 
gk G S'Oj(n, 1) the hyperbolic isometry of axis (ri,r2), and attractive point 
ri, with translation distance k. 

Lemma 2.4 The sequence {g^^ pgk) i^^f^ converges to a representation poo £ 
Rr{n) such that [poo] € '^r('^)' "^^^ smc/i i/tai [poo] does not depend on the 
choice of p in the conjugacy class c either of the choice of r-2 ■ 

We can therefore set 7r(c) = [poo]- 
Proof 

Choose a representant p of the conjugacy class c so that p fixes G dW^ (in 
other words, conjugate p by an isometry sending r\ to 0). Take ri = 00. Then 
for all 7 G r, p(7) is of the form 



cosh.{d{x,u ■ x)) > 1 + sinh^((i(a;,min('u)))(l — cos^o) 



which completes the proof. 



□ 



A(7) 
r(7) 

Z{l) 



(0) A(7) 



(0) 



) 



In this basis, gk has the form 
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where — > as A; — > +00. Then 5^ pgk converges to the representation p< 
such that for all 7 G F, 



which indeed fixes the points and 00 at the boundary. 

Choosing another representant p' of c fixing would simply be the same 
as considering a conjugate p' = h~^ph, where h € SO^{n, 1) has the form 



and conjugation by h does not touch the elements A(7) and ^(7), which de- 
termine the representation poo- Finally, the choice of another r2 amounts to 
conjugate p by an orientation-preserving isometry of H" fixing 0; we have just 



It follows that we can equip the set mp(n) both with the induced topology, 
and of the quotient topology determined by the surjection vr: mp(n) m^{n). 
The object of this section is to prove the following. 

Theorem 2.5 The induced topology and the quotient topology coincide on 
mf^{n) (in particular, vr is continuous). Moreover, the space m^{n) is Haus- 
dorff, and locally compact. 

In particular, this topology is also the quotient topology corresponding to the 
surjection Rrin) -» m^{n). 

It follows that m^{n) is the biggest Hausdorff quotient of m'^{n), in the 
following sense: 

Definition 2.6 Let X be a topological space. A quotient space tt: X ^ Xg is 
called the biggest Hausdorff quotient of X if Xg is Hausdorff and if for every 
continuous mapping f : X ^ Y to a Hausdorff space Y , there exists a unique 
function f : Xg — > Y such that f = it o f. 

In particular, such a quotient, if it exists, is unique, up to canonical home- 
omorphism. Clearly, every Hausdorff space is itself its biggest Hausdorff quo- 
tient. 

The representations which have no fixed points in dIP are called non 
parabolic, and in the sequel of this section, everything that concerns only non 
parabolic representations is already written in [Par], in the much more general 
context of actions on CAT{0) spaces. 

We first prove that non parabolic representations form an open subset of 
m'p (n) : 





dealt with this case. 



□ 
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Lemma 2.7 (compare with [Par ] . proposition 2.6) Let p G Rrin) be non 
parabolic. Then [p] possesses, in m'j^{n), a neighbourhood consisting of non 
parabolic representations. 

Proof 

The space Rr{n) C (M„+i(M))'^ is a metric space, and the map Rr{n) 
mp(n) is open, hence the space mp(n) is locally numerable (every point pos- 
sesses a numerable fundamental system of neighbourhoods); it follows that we 
can use sequential criteria in this space. 

Consider {pk)k ^ rn'-p{n)^ such that for all k, pk has a fixed point S dW^; 
and suppose that pk — > p. let us prove that p has a fixed point in dH"-. Up 
to extract a subsequence, converges to a point r G dlF^. Then there exist 
hk G SO^{n, 1) such that hk{rk) = r and such that hk Id. Then hkPkh'^^ 
fixes r globally, and converges to p hence p fixes r globally. It follows that the 
set of representations which have at least one fixed point in dW^ is a closed 
subset of mp(n). □ 

The first step towards the continuity of vr is the following. 

Lemma 2.8 Let {pk)k be a sequence of representations, each having a unique 
fixed point in converging to a representation p which has at least two 

fixed points in 9EI". Then Tr{[pk]) converges to [p], in the space m'^. 

Proof 

Let us first prove that up to considering a subsequence, the sequence vr([/jfc]) 
converges to [p]. The fixed point of pk stays in the compact space SH", 
hence there is a subsequence ?'<^(fc) of fixed points of p^(^k) which converges to 
a point r G 9EI", which is therefore a fixed point of p. For all k, there exists 
an orientation-preserving isometry of H" such that h^(^i^^{r^(^i^^) = r, 

satisfying /i<^(fc) — > Id. Then ^^(\.)P</3(fc)^</3(fc) converges to p, and fixes r. In 
other words, we may suppose that /O^(fc) fixes r, and up to conjugation we can 
further suppose that r = 0. Now for all 7 G F, Pip(^k){l) p{l) ^'^^ under 
the following form: 

/ K{k){l) (0) \ / A(7) (0) 

p^(fc)(7) = ^v(fc)(7) Ym^^) , p{i) =\ AM 

\ Z^(,,)(7) (0) A^(fc)(7) / V (0) (0) .4(7) 

and by construction, a representant (denote it vr/9^(fc)) of the conjugacy class 
T^{[Pip[k)\) has the form: 



( K(k){i) (0) 
, S , (0) 

\ (0) (0) ^^(fc)(7) 



Moreover, p^{],)(n) p(ci) for all 7 G F, hence A^(fc)(7) Xici) and A^ij^^i^l) 
A(7), so that 7rp^(fc) p. 
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The proof we have just given works for every subsequence of the sequence 
{pk)k- In particular, every subsequence of (vr([/9jt]))^ possesses a subsequence 
converging to [p]. This imphes that Tr{[pk]) converges to [p]. □ 

We now use an argument of M. Besvina ( |Bes88 j. proposition 1.2). 

Lemma 2.9 (compare with [ParJ, proposition 2.5) Let[p] G m^{n). Then 
the minimum 



min max d(x, p(s) • x) 

xm" s&s 



is achieved. 



Proof 

Consider a minimizing sequence (x„)j;.gj^ for this number. If x^ leaves every 
compact subset of H", then up to considering a subsequence, x„ converges to 
a boundary point r G OH". In that case, r is a global fixed point of p, and 
since [p] G mp(n), there exists at least one other. Hence p fixes (globally) a 
geodesic line of H'^, and acts by translations on this geodesic, and then every 
point of this geodesic achieves the minimum. On the other hand, if {xk)k is 
bounded, then it has a subsequence converging to some point x^o G H", which 
realizes this minimum. □ 

In the sequel, for every p such that [p] G m^{n), we put 
d(p) = min max d( x, p(s) ■ x), 

maxd{x,p{s) • x) = d{p) 

s^S 



mm{p) = <{ a; G H" 

and 



min£(p) = <x GlT- 



max d{x, p{s) ■ x) < d{p) + e 

s&S 

Lemma 2.10 Let p G mp(n). // p fixes at least one point at the boundary, 
then mm{p) is the convex hull of the fixed points of p in dW^; this is a totally 
geodesic subspace ofW^. Otherwise, mm(p) is compact. In every case, min£(p) 
is at bounded distance to min(p); that is, for all e > 0, there exists k > such 
that for all x G min£(/j), we have d{x,mm^{p)) < k. 

Proof 

Suppose that p has no fixed points in If there existed e > such that 

mmgr^p) is not bounded, there would exist a sequence {xn)neN of elements of 
mine(^), converging to a point Xqo £ dW^, and then Xoo would be a fixed point 
of p. Hence, for all e > 0, mm^{p) is bounded; moreover mm{p) is a closed 
subset of H", hence compact; this finishes the proof in this case. 

Now suppose that p has at least two distinct fixed points xi,X2 in dW^. If 
d{p) 7^ 0, then there exists s £ S such that p{s) is loxodromic, of axis (xi, 2:2), 
and then mm{p) = min(yo(s)) = (xi,X2); so p does not have any other fixed 
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points in H", and for all e > 0, min£(p) lies at bounded distance of min(p), by 
lemma [2?T1 If d{p) = 0, then p fixes pointwise at least the line {xi,X2). Then 

min(p) = {x £ H"! Vs G S, p{s) ■ x = x} = min(p(s)) 

ses 

is an intersection of totally geodesic subspaces of H", hence it is a totally 
geodesic subspace of H"; and it is the convex hull of the fixed points of p in 
dW^. For all e > 0, we then have mmr{p) = min(p(s)). By lemma [2?T| for 

ses 

all s £ S, the set mine(p(s)) is at bounded distance of the subspace min(/3). 
One then checks by induction on Card{S) that mine(/9) is at bounded distance 
to min(/9). □ 

This function d: mf^n) is quite natural: 

Proposition 2.11 The function d' : Rr{n) ^ M-^^ defined by d' (p) = inf max d{x, p{s)x) 

icGlHI^ S^S 

is continuous. 

Of course, this function d' is constant on conjugation classes, hence passes 
to the quotient mp(n); the restriction of this function to the space m^{n) is 
the function d. 
Proof 

Suppose pk — > p- By construction, 

ipld'ip) < a} = < p inf max. d(x, p(s)x) < a > = i/olBx G H", Vs G S, d(x,p(s)x) < a} 
{ xedW" ses ^ '^^ ' ^ J 

is open (that is, the function d' is upper semi-continuous). For all e, we thus 
have d'{pk) < d'{p) + e, for k large enough. In particular d' is continuous at 
every p such that d'{p) = 0. 

If p has at least one global fixed point x G then d'{p) is the maximum 
of translation distances of the p{s), s £ S, such that p{s) is loxodromic. Let sq 
be the element of S maximizing this translation distance. Then, if e > 0, for 
all k large enough, pfc(so) is loxodromic, and its translation distance is close 
to that of p{so), so that d'{pk) > d'{p) — e. 

Now suppose that p is non parabolic. Let e > 0. Since the topology of 
I som'^ (W^) coincides with the compact-open topology and since the set 

max dix, pis) x) < 3e 

ses 



is compact, for all k large enough, for all x G -F and all s £ S, we thus have 

\d{x, pk(s)x)—d{x, p(s)x)\ < £. Hence, the convex function x i— > max d{x, pk{s)x) 

seS 

has a local minimum in the open set min3e(/j). It follows that this minimum 
is global, whence \d{p) — d{pk)\ < 4e for k large enough. □ 

We turn to a second step towards the proof of theorem 12. 5[ 
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Proposition 2.12 The space m^{n), equipped with the induced topology, is 
Hausdorff. 

Proof 

Once again, the space mp(n) being locally second countable, we can use se- 
quences in this space. 

Let [pi], [P2] G mp(n). Suppose that [pi] and [p2] cannot be separated 
by open sets. This means that there exists a sequence {[pk])k ^ ("^r("'))^ 
converging both to [pi] and [p2\, in other words, there exist g^, hk G SO^{n, 1) 
such that gkPkQk^ Pi and kkp^h'^^ p2. Up to conjugating pk by hk, we 
may suppose that /i^ = 1. 

First suppose that p2 is non parabolic. Let x G mm{pi); fix e > 0. Then 
for all 7 G r, d{gkPk{l)gk^x,x) = d{pk{'^)g^^x,g^^x), hence for all k large 
enough, g^^x G mine(/92), since d{pi) = d{p2). Since mms{p2) is bounded, gk 
stays in a compact set (by proposition 12. 2p and hence has a converging subse- 
quence. Thus, up to taking subsequences, we have gk — >■ goo G SO^{n, 1), and 
pi and p2 are conjugate. Of course this argument still works after exchanging 
the roles of pi and p2- 

Now suppose that p2 has at least two distinct fixed points in dW^. Fix 
X G min(pi). Then, as before, for all e > and all k large enough we have 
g^^{x) G min£(/j2)- If d{x,gj^^x) is bounded then we can finish as in the 
preceding case. Let us then suppose that up to considering a subsequence, the 
sequence {g^^x^f. converges to a point ri G dW^. Then ri is a fixed point of p2- 
Choose another fixed point r2 G dW^ of p2- Denote by the second boundary 
point of the axis {r2,g^^x). Then the sequence {rj.)}. in converges to ri. 
Then there exists a sequence {uk)km of elements of I som'^ (M^) , converging 
to idfi" and such that Uk fixes r2, and sends to ri. Since converges to 
ri, which is distinct of r2, the distance of x to the axis (7^2, r^) is bounded: 
there exists B > such that for all k, d{x, {r2,r]^)) < B. Denote by pk the 
projection of x on the axis (^2, r^), and denote by (pk the hyperbolic element of 
axis (ri,r2) which sends Ukg^^x to UkPk- Then u^^cpkUk sends gj^^x to pk, so 

that d [x,gk ■ [u^^^pkUk^ ^ x^ < B. Hence, by proposition 12.21 up to extract 

it, the sequence gkiu^^fk^k)^^ converges to an element (f G Isom~^{W^). 

We have gkPkg^^ Pi thus {u'^^ipkUk) Pk {W^^y^kUk) ^ —>■ 'p'^pi'p. Denote 
P'k ~ ^kPkU^^- Since pk converges to p2 and since Uk converges to idu", we 
have again p'^ — > p2. Similarly, we also have (pkp'f^'f'^^ — > (p^^pi(p. Up to 
conjugate everything, we may suppose that the axis (ri, r2) is the axis (0, 00). 
Since p2 and ipk preserve that axis, for every 7 G F we can write the elements 
^2(7); p'kil) and ipk under the form 

/ A(7) (0) \ / afc(7) 6fc(7) X^ij) \ 

P2{l) = ^ (0) , p',(7) = cfc(7) 4(7) n(7) 

V (0) (0) ^(7) / V ^fc(7) Wkil) Akii) J 



16 




+00, up to conjugate in 



order to exchange the points and oo in dW^. Then 



^kp'kil)Vk^ = tlck{-f) 4(7) tkYkij) 



) 



so that 



-1 



A(7) (0) 
Z(7) (0) A(7) 



) 



Since [pi\ G mr, the representation ^ppi^p ^ fixes another point of dW" than 
0; denote it r^. There exists an isometry E I som'^ (W^) fixing and sending 



Now we prove another step towards theorem 12. 5t 

Proposition 2.13 On the set mf^{n), the induced topology defined by mf^(n) ^ 
mp(n) and the quotient topology defined by vr: mp(n) m^{n) coincide (in 
particular, it is continuous). 



By definition of vr, and by proposition 12.12] for all x £ mY{n), Tr{x) is the 
unique element of m^{n) such that every neighbourhood of 7r(x) contains x. 
Let U be an open subset of m^{n) for the quotient topology. Then 7r~^[U) is 
open in mp(n), hence the set m^{n)r\-K~^{U) is open for the induced topology. 
But mp(n) n TT^^{U) = U, since vr is the identity on mp(n). Consequently, in 
order to prove the proposition it suffices to prove that vr is continuous. 

Recall that mp(n) is locally second countable. In order to prove the con- 
tinuity of vr: mp(n) — > mp(n), we can use a sequential criterium. 

Suppose that Pk,Poo G Rrin) and pk — > Poo- We want to prove that 
7r([p(A;)]) converges to 7r([poo])- The elements pk have either zero, or at least 
one fixed point in dW^. Up to consider two distinct subsequences, we may 
suppose that this situation does not depend on k. If p^ is non parabolic, for 
all k, then '/r([/9fc]) = [p^] [poo], but ever neighbourhood of vr([/3oo]) contains 
[poo], hence by definition the sequence 7r([pfc]) also converges to 7r([poo])- Sup- 
pose finally that pk has at least one fixed point in for all A; G N. By 
lemma \27l\ the representation p^o has at least one fixed point in dW^, and as 
before, [pk] also converges to 7r([poo])- It then follows from lemma [2^81 that 
7r([pfc]) converges to 7r([poo])- □ 

Now that we proved that these two topologies coincide, we will equip the 
set mp(n) with this topology in the sequel, without having to precise which 
topology we consider. We shall finish the proof of theorem 12.51 now: 



rs to 00, and now (f)ippnp 



(j) and p2 are conjugate. 



□ 



Proof 
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Corollary 2.14 The function d: m^(n) — > R+ is continuous, and proper. In 
particular, the space m^{n) is locally compact. 

Proof 

The map Rr{n) mp(n) is open, and the continuous function d' : Rrin) — > 
M+ is constant on the conjugacy classes, hence it defines a continuous function 
of mp(n) in M+. Hence, d is continuous, by considering the induced topology 
on mp{n). 

Now, let A > 0; let us prove that (i~^([0, A]) is compact. Fix xq G H^, and 
denote by C Rrin) the set of representations p satisfying 

max d{xo, p{s)xo) < A. 

By proposition 12.2^ this set R^ is compact. Denote here by p the map 
p: Rrin) — > m^{n): it is continuous, and takes values in a Hausdorff space, 
hence p(-Rp ) is compact; it therefore suffices to check that p{Ry) = d~^{[Q, A\). 

Let [p] G (i~^([0,A]). Then, by lemma [2^ there exists a point x G EI"" 
such that max(x,p(s)x) = d{p), and up to conjugating p we have x = xq. We 

then have p G R^, so that [p] G p{R^). Now let p G R^. By definition of d{p), 
we have d{p) < A. And the map d passes to the quotient p: Rrin) — > mp(n), 
hence d{[p]) = d{p) < A, and p{p) G d~^{[0, A]). This proves that d: m^{n) 
M-l_ is proper. 

Since the space M-|_ is locally compact, so is mp(n). □ 



The group Isom(W^) of isometrics of which may not be orientation- 
preserving, acts on m^(n) by conjugation. We denote by m^{n) the quotient 
of m^{n) by this action (u standing for "unoriented" ) . 

In the case n = 2, we shall prove here that this quotient identifies to the 
space X-p{2) formed by characters of representations. For all p G HomiV, PSL{2, M)), 
denote by xip) ■ T — > M+ its character. Then: 

Proposition 2.15 Let [pi], [p2] G mp(2). Then xiPi) = x(P2) if and only if 
there exists an isometry u o/H^ such that pi = up2U^^ . 

Proof 

Of course, the character is a conjugation invariant in Hom{T, PSL(2,M)); 
hence there is only one direction to prove. The proof given here inspires of 
the proof of proposition 1.5.2 of M. Culler and P. Shalen [CS83j . 

It can be checked very easily (see e.g. |Wol07| . proposition 1.1.16) that a 
representation p is elementary (i.e., has a global fixed point in H^USIHI^) if and 
only if Tr(/3([7i, 72])) for all 71, 72 G F; in particular, elementary representation 
are characterized by their characters. 

Suppose first that pi and p2 are not elementary, and suppose further that 
pi is not "dihedral" (following e.g. |Pau89] . we say that a representation 
is dihedral if it is not elementary but fixes globally a pair {x,y} C dH'^). 
Then there exists 70 G F such that pi(7o) is hyperbolic; /02(7o) is hyperbolic 
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too, and up to conjugating pi and p2 by an element of PS'L(2,R) we have 
Pi (70) = /02(7o) ^ i )' ^^^^ ^ > 1- Now let 71 £ F such that pi{-fi) 

has no fixed points in common with pi(7o), and is not an elliptic element 
whose fixed point is on the axis of piij) (this is always possible, when pi is 



not dihedral) , and denote pi (71 



d 



and p2(7i 



b' 
d' 



. Then 



for alln G Z, aA" + 



a'A" + 



hence, up to change the signs of a', 6', 



d and d' we have a = a' and d = d' . Up to conjugating by diagonal matrices 
we can also suppose that |6| = |6'| = 1, since 70 and 71 do not share any 
fixed points. Up to conjugate by the reflection of axis (0, 00), we can further 
suppose that b = b' = 1, and then c = d . 

' X y 
z t 



Now consider any 7 G F and denote pii'j) = 



and p2(7) = 



y 

t' 



. Then, for all 71, up to change the signs of x' , y', z' and t' we have 



X 



x' and t = t'. Then, the equality Tr(pi(7Q7i7)) = Tr(p2(7o7i7)) yields 



A'' (ax + bz) + T-(cy + dt) 
A" 



X''{ax + bz') + —icy' + dt) 



A'^ 



for all n G N, where z = z' and y = y' or z = —z' + ^ and y = —y' + We 
can check that this last case implies that pi(7i) is an elliptic clement whose 
fixed point is on the axis of pi(7o), and we have supposed that this is not the 
case. This finishes the proof, in the "generic" case. Of course, pi and p2 play 
symmetric roles, hence this also covers the case where p2 is non dihedral. 
If pi and p2 are dihedral, then as before, we can find 70, 7i € F such that 

Pi (70) = ^2(70) = ( ^ ) >'>'^, and pi(7i) = ^2(71) = q 
For all 7 G F, ^^(7) is then entirely determined by the traces of Pi(7o7) and 
Pi(7o7i7)- 

We still have to deal with the case when pi and p2 are elementary. Two 
distinct situations may occur. If pi possesses at least one global fixed point 
in dlS^, then it possesses two, hence all the elements piij) are hyperbolic 
and share the same axis; pi then identifies to an action of F on an axis R by 
translations, which is determined by its character. If pi possesses a (unique) 
global fixed point in M^, then so does p2- The representations pi and p2 factor 
through morphisms i^j : F — M, such that | cos (/'i | = | cos ip2 \ ■ We can check 
again that pi and p2 are conjugate by an isometry. □ 



The two quotients mp(2) and Xr{2) of the space i?r(2) are therefore iden- 
tical. Hence, mp(2) is just an oriented version of the space of characters. 
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2.2 Recalls on the Bestvina-Paulin compactification of nig 
2.2.1 Equivariant Gromov topology 

We are now going to recall F. Paulin's construction of the compactification of 
representation spaces, in order to adapt it to the whole space mp(n). W refer 
to |Pau04j for an efficient exposition of this construction. 

Here we will be interested in metric spaces {X,d), equipped with actions 
of r by isometries, i.e., morphisms p: T ^ Isom{X, d); we say that {p, X, d) is 
equivalent to {p\ X' ,d') if there exists a T-equivariant isometry between X and 
X' . Let f be a set of classes of equivariant isometry of actions of T on metric 
spaces. If (p, X,d) £ £ (in order to avoid too heavy notations, we denote 
again by (/?, X, d) its class of equivariant isometry), if e > 0, if {xi, . . . , Xp} is 
a finite collection in X (denote it K) and if P is a finite subset of F, we define 
Uk,£,p{p-, X, d) as the subset of £ consisting of those {p' , X' ,d') such that there 
exist {x'^, . . . , Xp} £ X' , such that for all g,h £ P, and all i,j £ {1, . . . ,p}, we 
have 

\d{p{g) • Xi,p{h) • Xj) - d'{p{g) ■ x'l, p {h) ■ Xj)\ < e. 

In that case we also say that {x'l, . . . ,x'p} is a P equivariant e- approximation 
of the collection K. The sets UK,e,p{p, d) form a basis of open sets of a 
topology, called the equivariant Gromov topology (see |Pau881 IGui98] ) . 

By definition, every representation p £ Rr{n) defines an action of T by 
isometries on the metric space (E["',dH") (where dn™ is the usual distance 
on H"), and every conjugation by an isometry of H" defines an equivariant 
isometry. Hence, every element [p] £ mY{n) defines a unique equivariant 
isometry class of actions (/?, H", djj"); we can therefore consider the set mp(?7-) 
as a set of (equivariant isometry classes of) actions of F on {W^^d^n) and we 
can equip this set with the equivariant Gromov topology. Then: 

Proposition 2.16 (F. Paulin |Pau88} . proposition 6.2) On the set m^{n) , 
the usual topology and the equivariant Gromov topology coincide. 

Since we will have to adapt this proposition to the oriented case when 
n = 2, we recall here the proof given in [Pau88j . in that case. Note, anyway, 
that the general case n > 2 is proved similarly. 
Proof in the case n = 2. 

The usual topology is of course finer than the equivariant Gromov topology, 
since the distances considered are continuous for the usual topology on mp. 

Conversely, fix e > 0, and let [pk] be a sequence converging to [poo] for the 
equivariant Gromov topology. Let us prove that up to conjugate these repre- 
sentations Pk —>■ Poo (since is separable, the space the space mp(n) is locally 
second countable; hence we can indeed use sequences in that space). Consider 
three points xi,X2,X3 £ which form a non degenerate triangle. Then, for 
all e' > 0, and for k large enough, there exists a collection {x^,X2,x^ } £ 
such that for every i,j £ {1, 2, 3} and every si,S2 £ S, 

\d{poo{si)Xi, Poois2)xj) - d{pk{si)Xi , pk{s2)x'j)\ < £. 
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Now let S = and yi = Poo{si)xi,y2 = Poo{si)x2, . . . ,y3n = 

Poo{sn)x3^ and similarly define y^, . . . , y^^ G H^. The following fact will enable 
us to conclude: 

Fact 2.17 For alle > 0, there exists e' > such that for allxi, . . . ,Xn,x'i, . . . ,x'^^ 
in H^, if for all i,j, \d(xi,Xj) — d{x[,x'j)\ < e' then there exists an isometry if 
ofM? such that d{ip{xi), x[) < e. 

This is left as an exercise (see e.g. |Wol07] . proposition 1.1.8), and follows 
from the fact that the sine and cosine laws, in the hyperbolic plane, can be 
used to recover continuously a triangle from its three lengths. In particular, 
up to conjugate pk by an isometry of H^, we thus have d{yi,y\) < e, and for 
every s G S", it follows that d{xi, pk{s) • p'^ {s)xi) < e, for the three non aligned 
points xi,X2,X3, so that pk Poo in the usual topology. □ 

For all p G mp(n), denote 

£{p) = max (1, d{p)) 

and equip the set H" with the distance --r-T- From now on, every element 

l{p) 

[p] £ m^{n) win be associated to (p,BI",^) instead of (/j, M", de-O (this is 
another realization of m^{n) as a set of (classes of) actions of T on H", and 
the equivariant Gromov topology is still the same, by proposition 12.161 and 
corollary I2.14p . 

As such, the equivariant Gromov topology does not separate any action 
on a space from the restricted actions on invariant subspaces. In particular, 
if we consider the whole space mp(n) as well as actions of F on R-trees, in- 
cluding actions on lines, this will yield a non-Hausdorff space, since some of 
the elements of mp(n) have an invariant line. In order to get rid of this little 
degeneracy, we are going to modify slightly the definition of the equivariant 
Gromov topology, so that elementary representations in will be separated 
from the corresponding actions on lines, when considered as actions on R- 
trees. If £" is a set of (classes of) actions of F by isometrics on spaces which 
are hyperbolic in the sense of Gromov, put U'j^ ^ p{p, X,d) to be the subset of 
£ consisting of those (p', X' , d') such that there exist {x'l, . . . , x'^} G X' , such 
that for all g,h £ P, and all i,j G {1, . . . ,p}, we have 

\d{p{g) ■ Xi,p{h) ■ Xj) - d'{p'{g) ■ x[, p {h) ■ x'j)\ < e and \5{X) - 5{X')\ < e. 

As we shall see very soon (proposition 12.18]) . this extra condition changes 
the equivariant Gromov topology only at the neighbourhood of elementary 
representations. It is comparable to the fact of adding 2 to characters, as it is 
done by J. Morgan and P. Shalen in [MS84j . in order not to bother with the 
neighbourhood of the trivial representation. 
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2.2.2 The space m^(n) 

Let us begin this section by a few recalls. Let X be a topological space. A 
compactification of X is a couple {X,i) such that X is a compact Hausdorff 
space, i: X ^ X is a homeomorphism on its image, and such that i{X) is 
open and dense in X. 

Note that we request X to be Hausdorff. In particular, a space X needs 
to be locally compact in order to admit a compactification. If X is a locally 
compact space and {X, i) is a compactification of X, the compact set X \ X is 
called the boundary of X, and is denoted dX , or dX if no confusion is possible 
between different compactifications of X. The points in the boundary are 
called the ideal points of the compactification. 

Note that, if X is locally compact and if {X,i) is a compactification of X, 
then the open subsets of X containing dX are precisely the complements, in 
X, of the compact subsets of X (indeed, if K C X is compact then i{K) is 
compact, hence X \ i{K) is open and contains dX, and if U is an open subset 
of X containing dX then X \ U is compact, contained in i{X), so that it is 
the image of a compact set, since i is a homeomorphism on its image). 

Finally, if X is a locally compact space, if Y is Hausdorff and f : X ^ Y 
is continuous and has a relatively compact image, then we can define a com- 
pactification of X as follows (see |MS84j . p. 415). Denote hy X = X U {00} 
the Alexandrov compactification of X (that is, the one-point compactifica- 
tion), we define i: X ^ X xY hy i{x) = {x,f(x)). Denote X the closure of 
i{X) in X xY. Then {X,i) is a compactification of X; we say that it is the 
compactification defined by f. 

We say that an action of T on an R-tree T is minimal if T has no proper 
invariant sub-tree. The equivalence classes of M-trees equipped with minimal 
actions of T by isometries, up to equivariant isometry, form a set, and we 
denote T'{T) the subset formed by trees not reduced to a point. In order 
to exhibit this set, one can prove that the M-tree T and the action of F are 
entirely determined by the set {d{p,'j ■ p)\'y £ F} (see |AM851 IM584] ). 

We have modified the definition of the equivariant Gromov topology so that 
we would be considering Hausdorff spaces, and for this reason we are also going 
to restrict the set of M-trees we consider. If {p, T) possesses an end which is 
globally fixed by p (we then say that this action is reducible, see e.g. |Pau89j ) , 
then (/9, T, d) is not separated, in the equivariant Gromov topology, from the 
action on a line which has the same translation lengths. Therefore, we shall 
restrict ourselves to the subset T(F) C T'iV) consisting of actions on lines and 
actions on M trees without fixed ends, such that min max(i(xo,7 • xq) = 1. 

In the sequel, we equip the set mp(n)uT(F) with the modified equivariant 
Gromov topology, and we denote by mp(n) the closure of the set mp(n) in the 
space mp(n) U T(F). 

The following proposition is simply a detailed version of an argument of 
F. Paulin, in [PauBSj . saying that M-trees and hyperbolic structures are not 
undistinguishable by the equivariant Gromov topology, so that the modified 
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equivariant Gromov topology changes it only at the boundary of degenerate 
representations. 

We say that a finite collection K is hig if it contains four points A, Bi, B2, 
such that d{A,Bi) = 1, d{Bi,B^) = 2 and d{Bi,B2) = d{B2,B^). In an R- 
tree, this means that their convex hull is a tripod of centre A, and this implies 
that d{Bi,B2) = 2. In H"-, this means that the segments [Bi,B^] and [i?2,^] 
meet orthogonally at A. 

Proposition 2.18 Let {p,X,d) € m^{n){jT{T) and let K C X be a big finite 
collection. Let e > 0. Then for all e' > small enough, for all {p',X',d') E 
X, d), we have \S{X') - S{X)\ < e. 

Here, by e' small enough, we mean: e' < v{6{X),e), where v. x — > 
M*^ is some (universal) function. 
Proof 

Let e' > 0, and let K' = {A' , B[, B'2, B'^} C X' be an e'-approximation of K. 
Put B'{ = B[. We have B'^) ~2\<e' so we can choose a point B'^ G X' 

such that d{B'^,Bl) < e' and d{B'{,B!^) = 2. Denote by r{t) the geodesic 
segment, in X', such that r(0) = B'{ and r(2) = B'^, and put A" = r(l). Then 
the CAT{0) property on X' implies that d{A',A") < V2e' + e''^. Finally, we 
have \d{A',B'2) - 1| < e' so there exists B'^ G X such that ^(^21-^2) < e' + 
V2£' + £''^ and d {A" , B'^) = l. We also have the inequali ties \d{Bl , B'^)-l\< 
2£' + V2e' + e'2, and \d{B'^, B'J,) - d{B'{, B'^)\ < 5e' + 2V2e' + e'2. 

S 2 

First suppose that 6{X) 7^ 0, and denote x = — — -. The cosine law I, in 

d{X) 

(H^ , (ijj2 ) , implies that cosh{xd{Bi, B2)) = cosh^(x). For all e' small enough, 
we have d{A",B'/) = 1, d{B'(,B'^) = 2, d{B'{,B'^) < 2 and d{B'^,B'J,) < 2, 

so that X' cannot be an M-tree. Put also x' = Then the cosine law 

d{X'} 

I in X' implies that cosh{x' d{B'{ , B'^)) + cosh{x' d{B'^ , B'{)) = 2cosh2(x'). It 
follows from the study of the function F : [0, 2] x R+ — > R defined by F{b, x) = 
cosh^(a;) — cosh(x6), that by taking e' small enough we can force x and x' to 
be arbitrarily close. 

Now suppose that S{X) = 0. If 6{X') = then there is nothing to do. Oth- 
erwise, we have again cosli{x' d{B'[ , B2 )) + cosli{x' d{B2 , B'^)) = 2cosh^(2;'), 
where, for e' small enough, the distances d{B'[,B2) and d{B2,B'^) can be 
taken arbitrarily close to 2, which implies that x' can be forced to be arbitrar- 
ily large. □ 



In particular, the modified equivariant Gromov topology and the equivari- 
ant Gromov topology coincide in mp(n). 

Now, every arguments of M. Bestvina and F. Paulin (see |Bes881 IPau881 
IPau04| ) work, and we have the following. 

Theorem 2.19 (M. Bestvina, F. Paulin) The space m^{n), equipped with 
the function m^{n) ^ m^{n), is a natural compactification of m'^{n). 
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By "natural", we mean that the action of Out{T) on mp(n) extends con- 
tinuously to an action of Out{T) on mf{n). 

We refer to |Pau041 IPau89] and [KL95j for a complete proof of this result. 



2.2.3 Other compactifications 

We now give a (very) short recall on the compactification of ^r,SL(2,R) by J. 
Morgan and P. Shalen. The numerable collection {f'y)-y£r, f'y - X ^ xil) 
generates the coordinate ring of ^r,SL(2,R)- Denote PM^ the quotient of 
[0,-|-oo)'" \ {0} by positive multiplication, and let 9: Xysl{2R) ~^ -PM'" de- 
fined by e{x) = [log(|/^(x)| + 2)] . J . Morgan and P. Shalen proved (see 
|MS84j . proposition 1.3.1) that the image of ^r,S'L(2,R) under 6 is relatively 
compact, so that 6 defines a compactification of -'^^r,SL(2,R)- 

We now restrict to the group F = vriE^ with g > 2, and we denote by 
TTig the space mp(2). Then the absolute value of the Euler class is defined on 
TTig, and we denote w-^ g^g^ the subspace of consisting of representations of 
even Euler class (recall, indeed, that a representation p: ttiS^ — > P5L(2,M) 
lifts to SL{2, R) if and only if its Euler class is even; we will see that in section 
I2.3.5p . Then the map factors through 6': ^Ti^g^g^ PM^, which defines 

a compactification rn^^^^ven^^^ of ^g,even- Similarly, the functions m^g^g^ ^ 
rUg ^ ni'^ define a compactification mj^ gyg^ of that space. The ideal points of 

the compactifications m^^^^cn ^'^d m'^^^ven^^^ actions of vriS^ on M-trees. 
These actions on M-trees are irreducible, i.e., without global fixed points, or 
are actions on a line. The topology on dm^^^^^J^^ is the axis topology; it is the 
coarsest topology such that the functions It{i) = inf dlxj'jx) are continuous. 

By the main theorem of |Pau89| . the spaces Sm^g^gn and dm^,^-^^^^^^ are 
homeomorphic, and hence, as F. Paulin explains it in [PauBSj . the spaces 
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"^g.even ^-^^d w-g^even ^-^^ homeomorphic (we refer to [MS841 IPau88l IPau89) 
for details). In particular, the corollarv 11.41 concerns simply the space rug^even 
and it is under that form that we shall prove it in section O 

2.3 Euler class 

We shall now introduce the Euler class, for actions of groups on cyclically or- 
dered sets. For the sake of completeness we shall give a complete construction, 
but equivalent definitions can be found in |Ghy87b , IThuj . We refer to |Cal04| 
for a detailed overview. 

2.3.1 Cyclically ordered sets 

Definition 2.20 Let X be a set. A (total) cyclic order on X is a function 
o: X^ ^ {-1, 0, 1} such that: 

(i) o{x, y,z) =0 if and only if card{x, y, z} < 2; 

(ii) For all x, y and z, o(x, y, z) = o{y, z, x) = —o{x, z, y); 
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(in) For all x, y, z and t, ifo{x, y,z) = 1 and o{x, z,t) = 1 then o{x, y, t) = 1. 

Remark 2.21 Ifo{x, y,z) = 1 and o{x, z,t) = 1 then we also have o{x, z, t) = 
1 and o{y,z,t) = 1. Indeed, o{z,x,y) = o{z,t,x) = 1 so, by condition (Hi) 
of the definition, o{z,t,y) = 1, that is, o{y,z,t) = 1. Similarly, o(x,y,t) = 1 
so o{t,x,y) = 1, which, together with o{t,y,z) = 1, yields o{t,x,z) = 1, i.e. 
o{x,z,t) = 1. In other words, the transitivity relation (Hi) implies all the 
other "natural" transitivity relations. In particular, for instance, on a set of 4 
elements, there are as many total cyclic orders as injections of that set in the 
oriented circle, up to homeomorphism, that is, 6. 

Remark 2.22 In all this text, we use only total cyclic orders (every triple 
defines an order). Consequently, we will sometimes forget the word "total" 
when we refer to a cyclic order. 

Now fix a set X equipped with a cyclic order o and a base point xq £ X. 

Definition 2.23 We set y <xq z if o{xo,y, z) = 1, and y <xq z if y <xq z or 
y = z. 

The following proposition follows directly from the properties of o. 

Proposition 2.24 The relation <xq is a total order on X \ {xq}. 

Remark 2.25 Reciprocally, if < is a total order on X \ {xq}, then there 
exists a unique cyclic total order on X which verifies o{x, y,z) = 1 for all 
x,y,z 7^ Xq such that x < y < z, and verifying o{xo,y, z) = 1 as soon as y < z 
(by enumerating the different possible cases we can check that the axioms of 
definition \2.20\ are satisfied). For all xq G X, these two constructions realize a 
bijection, and its inverse, between the set of total cyclic orders on X and the 
set of total orders on X \ {xq}. In particular, on any set X there exists at 
least one total cyclic order, by the axiom of choice. 

Definition 2.26 On the set Z x X we put: 

• (m, x) (n, y) when m < n, for any x,y G X, 

• {k,y) {k,z) when y z, 

• {k,xo) <xo {k,y) for all y £ X \ {xq}, 

and we put {m, y) (n, z) if (m, y) (n, z) or {m, y) = (n, z) . 

In particular, when restricted to the setZx (X\{xq}) it is the lexicographic 
order. 

We check easily the following. 
Proposition 2.27 The relation <xq is a total order on the set Z x X. 
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Example 

If X = and xq G S^, then X \ {xq} is an interval, 




,• (2,a:o) 



{l}x(X\{xo}) 



;(l)a;o) 



{0}x(X\{a;o}) 



;• (0,a;o) 



{-l}x(X\{a;o}) 



'• (-l,a;o) 



and IjxX identifies naturally to M, and this identification depends canonically 

on Xq. 

Another example is the deck of cards. It is equipped with a cyclic order, 
which is preserved as we make a "cut". The choice of the "cut" consists 
in choosing a card xq, and determines a total order in the deck. Here our 
definition of the order on Z x X consists in choosing a cut, and then to put Z 
copies of the deck the ones above the others. 

2.3.2 Applications and lifts 

We consider here a set X equipped with a total cyclic order o. We shall see 
that the bijections of X preserving o can be lifted to Z x X in some natural way 
(as soon as we take a base point xq), similarly as the orientation-preserving 
homeomorphisms of S-*^ can be lifted naturally to its cover R. 

Definition 2.28 Let f : X ^ X be any map. We call an arbitrarily lift of f 
any function f such that the following diagram commutes: 



In that case we say that f projects on /. 

We define an application h: Z x X ^ Z x X hy h{n,x) = (n + l,x). 

Proposition 2.29 Let f : Z x X ^ Z x X be a bijection preserving the 
order <xq and which projects to idx ■ Then there exists an integer n such that 



ZxX 



f 



^ZxX 



X 



f 



^X . 



f = h^- 
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Proof 

Let / be such a function; put n = pri(/(0, xq))- Then the function pri o 
/(•,Xo) : Z ^ Z is a bijection preserving the order, hence for ah A: E Z, 
f{k,xo) = (n + k,xo). Now, for all y £ X \ {xq}, we have f{k,XQ) <x(^ 
fik, y) <xo f{k + 1, xq), that is, (n + k, xq) f{k, y) (n + A: + 1, xq), 
hence /(/c, y) = (n + /c, y), since / projects on idx- □ 



Proposition 2.30 For all xq,xi € X, i/iere exists a unique bijection Fx^xi 
of X X which projects on idx such that for all a,b £ 7^ x X , a <xo b 4^ 
(6), and such that Fj,,,^;^ (0, xq) = (0, xq). 

Proof 

If Xq = xi, then by the preceding proposition, the unique possible function 
is Fx^xi = idzxx- Now suppose that xq ^ xi. The apphcation Fx^xi niust 
project on idx, so that we can only change indices, in the way suggested by 
the following picture. 



■(2,xo) ji2,xo) 

PxqXi I 

■{0,xo) HO,xo) 

■(-l,a;o) ^(-l,a;o) 



We put FxoxA^^^o) = {k,Xo) and FxaxA^^^i) = {k + l,xi). For ah y G 
X \ {xo, xi}, if o(xo, xi,y) = —1 we put Fx^xi (k, y) = {k, y) otherwise we put 
Fxox^ik,y) = {k + l,y): we then have a <xo b <^ Fx^xiia) <x^ Fx^xAb). Now, 
if / is another bijection satisfying the same conditions, then Fxqxi ° f~^ is a 
bijection of Z x X which preserves the order <xo) which projects on idx and 
which fixes (0,xo) hence, by proposition 12. 29[ it is the identity. □ 

Note that for all distinct points xo,xi E X we have Fx^^xi ° Pxixo = h, 
contrarily to what our notation may suggest. 

Proposition 2.31 Let X be a set equipped with a (total) cyclic order o, let 
Xq E X, and let f : X ^ X be a bijection preserving a. Then f admits at least 
a lift f preserving the order <xg . Moreover, if f and f are two such lifts then 
there exists n E Z such that f' = h^-f- 
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Proof 

Let f : X ^ X preserving o. We check easily that the map F:ZxX^ZxX 
defined by F(n,x) = {n,f{x)) verifies: Va, 6 £ Z x X , a <x^^ b F(a) </(xo) 
F{b). We therefore put / = i^/(a;o)2,'o°/- Then / is indeed a hft of /, preserving 
— I'o- 

Now, if /' is another lift of / preserving <xo, then /' o f^^ is a lift of idx 
preserving <xo, hence, by proposition I2.29| f'f^^ = h^, for some n G Z. □ 

Now denote by Ord(X, o) the group of bijections of X which preserve o, 

and by Ord{X, o, xq) the group formed by lifts of elements of Ord(X, o) a 
Z X X which preserve the order <xo- By proposition 12.301 the conjugation by 
Pxoxi realizes a canonical isomorphism between the groups Ord{X,o,XQ) and 
Ord{X,o,xi), for all xq,xi G X. This group, considered up to isomorphism, 
is denoted Ord(X,o), and if there is no confusion possible about o, these two 
groups are denoted Ord(X) and Ord{X). 

2.3.3 Euler class 

Let {X, o) be a cyclically ordered set, let S be a (connected) surface, and let 
p: vTiS — > Ord{X) be a representation: we shall define an element e{p) G 
H'^{T.,Z), depending (only) on p, and which we call the Euler class of the 
representation. 

Since we are considering the representations of vriS in a non abelian group, 
we first need to choose a base point * G S. Choose also a base point xq G X. 
Let then C = Co U Ci U C2; Cj = {cx^} , be a cellulation of S, where every 
cell is equipped with an orientation, and such that * £ Cq. For each loop 
7 (based at *) in the 1-skeleton, we can write 7 as a word {crlY'^ • • • (cj^)^'=, 

Sj = ±1, in the elements of Ci. We shall say that a function / : Ci ^ Ord{X) 
projects on p if for every loop 7 based at * in the 1-skeleton, the element 
(/(cr|))^^ o • • • o (/(c^))^'' (keeping the same notations for 7), which we call 
7(7), is a lift of ^(7). Since the 1-skeleton is homotopic to a bouquet of circles, 
there exists at least one such function / (indeed, we can choose a maximal 
tree T containing * in the 1-skeleton, put /(<t^) = idx for every edge of 
T, and for each edge which is not in T, (equipped with its orientation) 
defines, jointly with T, an element 7 G vriS, and we put /(cr^) = ^(7)). Now, 
the boundary of a 2-cell ci^ is a loop 7(0"^) (not based at *) in the 1-skeleton, 
homotopically trivial in S. We can again write it as a word {crlY^ • • • (cj^)^'=, 
Sj = ±1, well defined up to cyclic permutation, and, by proposition 12.291 

and by the fact that h is central in Ord{X), there exists n(cj^) G Z such that 
/(7(<^q)) = /i"^'^"-'- Finally, if c = ^Xiaf is a 2-cycle, we put e{p)-c = Y^\in{af). 

Theorem 2.32 For every 2-cycle c, the integer e{p) -c depends only on {X, o) 
and on p; this defines an element e{p) G H'^{T,,Z), called the Euler class of 
the representation p. 
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If the surface S is oriented, then the evaluation of e(p) on the fundamen- 
tal class is an integer, which we still call (abusively) the Euler class of the 
representation, e{p) E Z. 
Proof 

Step 1: we first prove that given base points * ^Ti, xq ^ X and a cellulation, 
e{p) does not depend on the choice of the function /. Let /i and /2 two 
such functions. Choose a maximal tree T in the 1-skeleton, containing *. 
For every cell G T, put /((cr^) = /2(c^) = 1- Every cell which is 
not in T determines, jointly with T, a loop 7(0"^) (since is equipped with 
an orientation) in the 1-skeleton, based at *. For i = 1,2 we put fHu^) = 
fiili^^))- Since these elements ^ T generate the fundamental group of the 
1-skeleton, for every loop 7 in the 1-skeleton we thus have fi{'y) = fH'y), in 
particular f- projects on p and defines the same Euler class as /j. Now, for all 
1-cell a^, there exists an integer n{a^) G Z such that /{(o""*^) 0/2(0'^)^^ = hJ^^"^'^: 
this is if (T^ G T, and otherwise this follows from proposition 12.291 Then for 
ah 2-cen al, we have h{-i{(yl)) - f2{l{(Tl)) = Yl '^'^^^^ (indeed, if 7(0-^) 

is given by the cyclic word (cr|)'^^ • • • {(^j^Y'' then 

since h is central). Therefore, for every 2-cycle c, we have 
e{p)i-c-e{p)2-c= Y ^ n{a^), 

where e{p)i is the Euler class defined by the function /j. This sum is zero, 
since c has no boundary. 

Step 2: we prove that e{p) depends neither on the point * G S, nor on the 
cellulation, nor on the base point xq G X. Independence with respect to * fol- 
lows from the fact that h is central in Ord{X), so that no global conjugation of 
a representation can change its Euler class. Moreover, e{p) is defined in terms 
of the cellulation of S, and hence it is invariant under any isotopy of the cellu- 
lation of the surface. Now, let C = Cq U Ci U C2 be a cellulation of S. Let 
be a 1-cell, and x a point of cr^ which is not in Cq: we define a new cellulation 
C = C'oUC[uC'^, withC'o = CoU{x}, C[ = {Ci^{a^})U{al,al} andC^ = C2 
cutting the 1-cell into two cells along the vertex x; the new edges a\ and 

inherit of the orientation of a^. Then the Euler class defined by C is the 

same as the one defined by C. Indeed, if / : Ci ^ Ord{X) is a function which 

projects on p, define simply f':C[^ Ord{X) by f'{a\) = 1, f'{al) = f{a^), 
and f'{cr]y) = /(<t^) for all the other 1-cells a\. Similarly, if cr^ is a 2-cell, we 
define a new cellulation C" = C'^UC'{UC'{ with C'^ = Cq, C'{ = CiU{al} and 
C2 = (C2 \ {o"^}) U {cf,cr|} obtained by cutting the 2-cell 02 into two, along 

the new edge whose ends are vertices in dC2- Let then / : Ci ^ Ord{X) be 
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a function which projects on p. The loop defined by da\ (maybe with the op- 
posite orientation) can be written as a word in the elements of C" (where 
7 stands for a word in the elements of da"^). We thus put f'{(j\) = f{'y), and 
f'i'^a) ~ fi'^a) ^ other 1-cells cr^. Then by construction, /' projects 
on p. And /(7(f7')) = /'(7(^')) = /' (7(^^f)) ° f'ili^i)), hence /' defines the 
same Euler class as /. In particular, the Euler class defined by C" is still the 
same as the one defined by C. Now, we use the classical fact that by using 
these two operations (consisting in refining C), as well as taking homotopies, 
from any pair of cellulations and of a same surface E, we can find a 
common refinement of and C^. Finally, let xq, Xq be two points in X. 

Take a cellulation C of S and a function / : Ci — Ord{X)^^ which projects 

on p. Define then f : Ci ^ O^),'^ by /' = o / o (F,„,, Clearly, 

/' projects on p and /' defines the same Euler class as /, since h commutes 
with F^.^^/^. □ 



Remark 2.33 Let T, be an oriented surface, p a representation and h: T,' ^ 
S a covering of degree d. Then e{p oh) = d ■ e{p). Indeed, it suffices to 
take a cellulation CofT, which lifts to a cellulation of T,' , to take a function 
f : Ci ^ Ord{X) which projects on p, and to take f = f oh in order to define 
the Euler classes of p and poh in T, and E' . 

2.3.4 Milnor's algorithm 

Consider a closed, oriented surface of genus g, Eg, and equip it with a "stan- 
dard" cellulation, featuring 1 single 2-cell, a single vertex and 4g edges la- 
belled by Qi, hi, and , ioi 1 < i < g. It yields a standard presentation 
TTiEg = {ai, . . . ,hg\Yii[ai,hi\ = 1). Then a representant of the fundamental 
class c G i?2(7riEg,Z) is the 2-cycle consisting of the unique 2-cell, equipped 
with its orientation. 

Given a representation p G Hom{TTiT,g,Ord{X,o)), take some xq e X 
and choose an arbitrary lift p{x) for all x G {ai,bi, . . . ,ag,bg}. As we said 
before, we still denote by e(p) G Z the evaluation of e(p) G i?^(Eg,Z) on the 
fundamental class c. Thus, by construction of the Euler class we have 

[pSr),p(M] • • • [pS),p(m] = h^''^ (1) 

Since h is central in Ord{X,o,xo) and commutes with Fxqxi for all xi G 
X \ {xq}, the result of this product of commutators does not depend on xq 
neither on the choices of the lifts p{ai), p{bi). 

2.3.5 Representations in PS'L(2,M) 

The Lie group PSL{2, R) is homeomorphic to a solid torus, and tti{PSL{2, R)) = 

Z. For ah A G PSL{2,R), taking a hft A G PSL{2,R) amounts to lift- 
ing the homeomorphism A G Homeo"'"(S^) to a homeomorphism of the uni- 
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versal cover of the circle, = M (here we are using the natural injection 
PS'L(2,M) ^ Homeo'''(S^)). In other words, we have the following short 
exact sequence: 

^ Z ^ P5X(2^M) ^ PSL{2,R) 1. 

n n 

Homeo+(M) Homeo+(Si) 

In this diagram, the sign of the generator of Z is determined by the choice of 
the orientation of S^. As in |Gol88j . we are going to denote by z E PSL{2, M) 
the image of this generator 1 G Z. 

Of course, all the construction of the Euler class applies here and if p{ai), 

p{hi) are arbitrary lifts of p{ai), p{hi) to PSL{2,M), then e{p) G Z is given by 
the following formula: 

W^),^)] ■ ■ ■ [K^),Kbg)] = 

In particular, notice that in the intermediate cover SL{2, M) of PSL{2, R), the 
image of z is —Id. Hence, a representation p S Hom{7riTig, PSL{2,M)) lifts to 
SL{2,W) if and only if e{p) is even. 



2.3.6 Another definition 

The construction on the Euler class that we have just given is oriented towards 
the Milnor algorithm, which is essential for the technical propositions proved 
in the next section, which will be useful in the sequel. This algorithm also 
gives much of the intuition of how the Euler class behaves and how it can 
be computed. But the "true" definition of the Euler class is in terms of the 
(bounded) group cohomology of F, and we give it here. We refer to \ML9F>\ 
|Ghy87a[ IThuBSj for more details, and to [Cal04] for a detailed overview. 

Let r be a group. One forms the homogeneous complex of F as follows. We 
denote by Cn(r) the free abelian group generated by the equivalence classes 
of the (n + l)-tuples of T, under the diagonal action of T: for all 7 G F, 
(70, . . . , 7n) ~ (7707 • • • J 77n)- The boundary operator is defined as 

n 

5(70, • • • ,7n) = ^(.-'^YilO,-- • ,7n), 

where (70, . . . , 7j, . . . , 7„) is the n-tuple formed by forgetting the {i + l)-th 
term ji. If j4 is a ring, the homology of the dual complex Hom{C^:{T), A) is 
denoted H*{'y; A); it is the cohomology of the group F. This cohomology of F 
identifies to that of if (F, 1). 

Now let {X,o) be a cyclically ordered set, and let p: T Ord{X,o) 
be a representation. We then define a 2-cocycle c by letting 0(71,72,73) = 

0(^(71), P(72),p(73))- 

If F = TTiSg is the fundamental group of the (compact, closed, orientable) 
surface of genus g, then we have [c] = 2e{p). The following remark follows: 
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Remark 2.34 Let F be a group such that H'^{T,'L) = 0, and let pi : vriSg — > 
r, /)2: r — > Ord{X^o). Then e{pi o p2) = 0. 

2.3.7 Finite sets suffice 

Denote by the free group on the set {ai, bi, . . . ,ag, bg}, and w = [ai,bi] • • • [ag, bg]. 
The images under the canonical surjection ¥2g '^I'^g of the subwords of w 
form a set P, and in all the sequel of this text we denote by P^e/ the set 
P U P^^. A major interest of Milnor's algorithm is that we need only finitely 
many informations, concerning action of the finite set -Pre/ on the ordered set 
X, in order to be able to compute the Euler class of a representation. 

This is the key idea which will prove, in chapter [3l that the Euler class 
extends continuously to the boundary of m°. 

More precisely, the idea is the following: 

Proposition 2.35 Let {X, o) and {X' , a') be two cyclically ordered sets, equipped 
with "base points" xq, x'q. Let p : vriS^ Ord{X,o) and p' : vtiS^ — > 
Ord{X' ,o') be two representations. Suppose that for all gi, g2, € Pref, 

oigiXo,g2Xo,g3Xo) = o {gixo, g2XQ, g^xo). 

Then e{pi) = e{p2). 

In fact we shall need a slightly more subtle statement, since we want the 
Euler class to be stable under small degenerations. We shall leave the proof of 
proposition 12 . 35l as an (easy) exercise, and instead we will prove the following: 

Proposition 2.36 Let {X, a) and {X\ a') be two cyclically ordered sets, equipped 
with "base points" xq, x'q. Let p : vriS^ — > Ord{X,o) and p' : ttiS^ — > 
Ord{X' ,o') be two representations. Let yo £ X and S X' . Suppose also 
that Xq Pref ■ Vq, that card{Pref ■ yo) ^ 2, and that for all gi,g2,93 G Pref> 

o{g\Xo,g2Xo,gzyo) = 1 ^ a' [gix^, g2x'Q, g^y'^) = 1 

and 

o{gixo,g2yo,g3yo) = l ^ o'(c/ixo, 522/0, ssyo) = l- 
Then e{pi) = e{p2). 

Everything relies on the two following elementary lemmas: 

Lemma 2.37 Let {X,o) be a cyclically ordered set, and f € Ord{X). Suppose 
we have a base point xq £ X and an element y G X \ {xq} such that f{y) 7^ 
xq. Denote by f the lift of f to 1, x X verifying /(O, xq) = (0, /(xq)), and 
denote by n the integer such that f{0,y) = {n,f{y)). Then n depends only on 
o(xo,/(xo),/(y)). More precisely, n = max{0, -o{xo, f{xo), f{y))). 
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Lemma 2.38 Let {X,o) he a cyclically ordered set, f G Ord{X) and xq £ X. 
Let xi,X2 £ X be such that o{xq, xi, X2) = o(/(xo), X2) = 1. Then there 
exists a lift f of f to Z x X such that (— 1,2:2) <xo f{0,xo) <xo (0, xi). 
Moreover, if y £ X is such that o{xi,X2,y) < and o{xi, X2, f{y)) < 0, then 
this lift f verifies /(0,y) = (0,/(y)). 

Proof of lemma 12.371 

We have /(y) / /(xq) hence y ^ xq and hence (0,xo) <xo (0,y) <xo 
(l,Xo). The function / is increasing, so that (0,/(xo)) <xo {"nJiy)) <xo 
(l,/(^o)). 

If o(xo, f{xo), f{y)) = then xq = /(xq) and hence n = 0. 
If o(xo,/(xo),/(y)) = 1 then (0,/(xo)) <xo (0,/(y)) <xo {hf{xo)) and 
then n = 0. 

If o(xo,/(xo),/(y)) = -1 then (-l,/(xo)) (0,/(y)) (0,/(xo)) 
and in that case n = 1. □ 

Proof of lemma 12.381 

There are three cases to consider here. 

• If f{xo) = Xq, then (-1,X2) <xo (0,/(xo)) <xo (0,xi), so we take / 
such that /(0,a;o) = (0,/(a;o)). We then have (0,a;o) <xo (0,y) <xo 
(l,xo), hence, by applying / (which is strictly increasing): (0,xo) <xo 
/(0,y) (l,xo), so that /(0,y) = (0,/(y)). 

• If o(xo,xi,/(xo)) = -1 then (-l,X2)^<xo (0>^o) <xo (0,/(xo)) <xo 
(0, xi) so we take again / such that /(0,xo) = (0,/(xo)). By lemma 
12.371 it suffices to prove that o(xo, /(xq), /(y)) > in order to have 
n = and thus /(0,y) = (0,/(y)). But if o(xo, /(y), /(xq)) = 1, since 
o(xo,/(xo),xi) = 1 we get o(xo, /(y), xi) = 1 so o(xi, xq, /(y)) = 1 
which, together with o(xi,X2,xo) = 1, gives o(xi, X2, /(y)) = 1, a con- 
tradiction. 

• If o(xo, xi, /(xo)) = 1 then we have o(xo, X2, /(xq)) = 1 (indeed, this 
follows from the equalities o(/(xo), xq, xi) = o(/(xo), xi, X2) = 1), hence 

(-1,X2) <xo (-l,/(a;o)) <xo (0,xo) <xo (0,xi) 

and we take / such that /(O, xq) = (— l,/(xo)). In particular, f = f o 
where /'(0,xo) = (0, /(xq)). And we have o(xo, /(xq), /(y)) = -1 
(indeed, if /(y) = xi or X2 we already have this equality, and otherwise 
o(x2, xi, /(y)) = 1, which, together with the equality o(x2,xo,xi) = 1, 
gives o(x2, Xo, /(y)) = 1, i.e. o(xo, /(y), X2) = 1, which, together with 
oixo,X2, fix^o)) = 1, yields_o(xo,/(y),/(xo)) = 1) therefore lemma [237] 
applied to /' implies that /'(0,y) = (l,/(y)), whence /(0,y) = (0,/(y)) 
once again. 

□ 
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We shall now prove proposition 12.361 We stated proposition 12.351 only in 
order to set up the idea of proposition 12. 36| and we shall not use it. The proof 
is similar, though a little easier, than the proof of proposition 12.361 
Proof of proposition 12.361 

Denote yi = [p{ai+i) , p{bi+i)] ■ ■ ■ [piag), p{bg)] ■ y^. Then in particular yg = 

yo. The integers rrii such that [p{ai), p{bi)]{0, yi) = (mj, yj_i) do not depend on 

^ 9 

the choices of the lifts p{ai), p{bi), and e(p) = ^^rrij, by Milnor's algorithm. 

i=l 

We also use the same notations in X' . 

The finite set P^e/ • yo C X \. {xq}, equipped with the order <xq, contains 
a smallest element xi and a biggest element X2- Similarly we define x\ and 
X2 in X' . Let then 71 be an element of Pref such that 712/0 = x[. Then for 
ah 7 G Pref, o'(xo,7iyo,7y') < 0, hence o(xo, 7iyo, Tl/o) < 0, so that 71^0 is 
minimal among P^ef • yo '^^^ X \ {xq} for the order <xq, that is, jiyo = xi. 
Similarly, X2 and X2 correspond to (at least) one same element 72 G Pref- 
Moreover, since Card{Prefyo) ^ 2, we have xi <xo X2, hence o{xo, xi, X2) = 1- 

For every element 7 G {ai, 61, . . . , Og, bg} we define ^(7) and p'(7) as fol- 
lows. If p(7) • Xq / Xq, wc choosc p{'y) such that p(7)(0, xq) = (0,^(7) • xq); 
and we choose ^'(7) such that p'(7)(0,Xo) = (0,p'(7) • x'q). Otherwise, if 
pil) • = Xq then we have o{xq,xi,X2) = o{p{^) ■ xo,xi,X2) = 1 hence, by 
lemma [2.38| p{'^) possesses a lift ^(7) such that (—1,3:2) <xo p{i)[^-,xq) <xq 
(0, xi), and in that case again we have o' {x'q, x'^, x'2) = o'{p'{^) ■Xq,x[,X2) = 1 
(indeed, o(xo,xi,X2) = o(xo, 7iyO) 722/0) = 1 so that o'(xo, x'^, X2) = 1 and, 
similarly, 0(7x0, xi, X2) = 1 hence o'{p'{'y)x'Q, x'^, X2) = 1, since 7, 71, 72 G Pref) 
hence, still by applying lemma [2.381 we can define ^'(7) in such a way that 

(-i,x'2) ?ff)(o,x'o) <x'^ (o,x;). 

Now denote by n^j , rii^ , n^g , rii^ the integers such that 

p{bi) (0, yi) = {ni^,p{bi)~^ • y^), 

p{ai) ■ {0,p{bi)~^ • yi) = {ui.^, p{ai)'^ p{bi)~^ ■ yi), 

. . . , 

and similarly we define integers n[_^, . . . , . 

Let us first check that rii^ = n[^. Denote 7 = [cj+i, • • • [ag, bg\ (that is 
the element of vriS^ defined by the subword following in w). 

• If p{bi) ■ Xq / xo, then o{xo,p{b^^) ■ XQ,p{bT^^) • yo) / (indeed, these 
three points are all distinct since 7 and b'^'^'^ are in Pref), and hence 

o'{xQ,p{b^^) ■ XQ,p{b-^) ■ y'i) = o{xQ,p{b-^) ■ xo,pib~^) ■ yi) 

so by lemma 1^.371 (applied to / = p{b'^^), y = yi and to / = p'{b^^) and 
y = yi) we have n^^ = n'.^. 

• If p{bi) ■ Xo = Xo, then by lemma [233 this time we have rii^ = n[ = 0. 
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Similarly we get rii^ — rii^ = — , . . . , j — = n[_^ — , so that 
rrii = m[, and hence e{p) = e{p'). □ 



2.4 Rigidity of non discrete representations 

In all this section, o will denote the natural cyclic order on 9EI^ = S^. The 
object of this section is to prove the following statement: 

Theorem 2.39 Let pi,P2 S Rg be two non discrete, non elementary repre- 
sentations, and let ai,a2 S dH'^. Suppose that for all 71,72,73 £ ^riSg, 

o(pi(7i) • ai,pi(72) • ai,pi(73) • ai) = o(p2(7i) • a2,/J2(72) • «2,P2(73) • «2)- 
Then there exists g G PS'L(2,M) such that pi = gp2g^^ ■ 

The proof of theorem 12.391 depends on the following lemma: 

Lemma 2.40 For any A G P5L(2,M) and any a £ dM'^ : 

(1) o{A^"'a, A^'^a, A^^a) = for all (ni,n2,n3) G I? if and only if a is a 
fixed point of , 

(2) i/o(A"io, A"2a, A"3o) = 1 for all (711,712,713) G I? such that 7ii < 712 < 
7i3 then A is parabolic or hyperbolic, 

(3) similarly, if o{A^"'a,A"-'^a,A^'-^a) = 1 for all (711,712,713) G I? such that 
711 < 712 < ''^3 then A is parabolic or hyperbolic, 

(4) otherwise, A is a non trivial elliptic element of PSL{2,'R), and the data 
of o^A^-^a, A^^a, A'^^a) determines A up to conjugation. 

Proof 

If A is parabolic or hyperbolic, then one of the cases (1), (2) or (3) arises 
depending on whether a is a fixed point of A, and on the direction in which A 
moves the region of minus the fixed point (s) of A, containing a. Conversely, 
it is clear that the cases (2) and (3) can happen only if A is parabolic or 
hyperbolic. 

Now suppose that A is elliptic. Then, up to conjugating A, we have A = 




, for some 6 G [0, vr). In particular, we note that in this 



case, the function (711,712,713) 1-^ o(A"ia, A^^, A"^) does not depend on a any 
more, since A acts as a rotation of angle 26 on the circle ~ ]R/27rZ. Now 
remark that o[a, Aa, A^a) equals 1 if 20 G (0,7r), it equals —1 if 26 G (7r,27r) 
and it equals otherwise. Similarly, if| = ^ + ^ + -- - + ^ + -- - is the 
dyadic expression of ^ (we do not consider expressions with a„ = 1 for all n 
large enough, hence this expression is unique), then: 

• if o{a,A^'^ ^ a,A^" a) = 1 then an = ^ and the expression does not stop 
at a„ (i.e., one of the ctn+i; • • • , is not zero). 
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• if o{a,A'^" ^a,A^"a) = —1 then an = and the expression continues 
after an, 

• if o{a, A"^" ^ a, A^^a) = then the angle of the rotation A"^" ^ is or tt, 
i.e. afc = for all /c > n + 1. 

In particular, the data of o{A^^a, A^'^a, A^^a) for all (ni,n2,?T-3) G deter- 
mines the angle 29 £ [0, 27r), unless if 20 = or vr (since in both cases, this 
number is always 0). □ 



Remark 2.41 As we said in section ['2.3.6\ the cocycle we are computing here 
is twice the Euler class. In particular, lemma \2.4(J\ is related to the fact that 
Z) = M/Z (see lGhy87bf , proposition 3-1). Since the element ^ has 
order 2 in M/Z, and since we are computing twice the Euler class, lemma \2.4C\ 
does not distinguish the rotation of half the circle from the identity. 

Proof of theorem 12.391 

It is well-known (see e.g. |Kat92] . exercise 2.14 or [Wol07j . proposition 
1.1.14 for a proof) that every non discrete, non elementary subgroup of PSL{2, M 
contains an elliptic element of infinite order. Let 7 G vriS^ be such that ^1(7) 

is elliptic of infinite order. Coniugate pi so that 01(7) = ( ^^^^ 

^ J to ri '^^^ \^ sm6' cos6' 

for some irrational 6 € [0,7r). Now lemma [2 . 40 1 implies that /52(7) is conjugate 
to piij). Now let 7' € vTiSg. Write /'i(^) ~ ^ ^ ^ ) ' "^^^^ 

Tr(pi(7V)) = \{a + d) cosine) + {b-c)sm{ne)\ (2) 

is the absolute value of the scalar product of the Euclidean plane vectors 

? + M and f ^ . The latter can be chosen to be arbitrarily 

b - c J \ sm{n9) J 

close to any direction, since 9 is irrational, and the former has norm greater 
or equal to 4 (since ad — be = 1), thus Tr(/9i(7"'7')) ^ I^'f] infinitely 
many values of n; hence Pi(7"7') is elliptic, of order different from 2, for in- 
finitely many values of n. For these values it follows from lemma 12.401 that 
Tr(pi(7"7')) = Tr(p2(7"7'))! so that, from the formula ^ we derive that 
Tr(pi(7')) = Tr(/92(7'))- It now follows from proposition 12.151 that pi and p2 
are conjugate by an element of Isom{M'^), but a conjugation reversing the 
orientation would change ^1(7) into a rotation of angle —6 instead of 6, hence 
pi and p2 are conjugate by an element of PSL{2,M.). □ 



2.5 Almost faithful morphisms 

The connectedness of rUg (theorem l3.36p strongly relies on a property of surface 
groups related to the fact that these groups are "limit groups" (see e.g. (SeEH 
IGui04l[CG05] ). 
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Let us fix some notations first. Fix a standard presentation of the funda- 
mental group 



of the surface S^. The set S = {ai, . . . , bg} generates vriSg, and we denote 
by F the free group on this generating set; and denote by vr: F — > vriEg the 
canonical surjection. Denote by Bn C ttiE^ the ball of centre 1 and radius n 
for the Cayley metric associated to the generating set S. Finally, we denote 
by Ffe a free group of rank k. 

A group r is said to be residually free if for all 7 G F \ {1}, there exists 
a morphism (p: F — > F2 such that (^(7) 7^ 1. We say that F is fully residually 
free if for every finite subset {71, . . . ,7n} C F \ {1}, there exists a morphism 
^p^. F ^ F2 such that for alH G {1, . . . , n}, (/j(7i) 7^ 1. We will use the following 
celebrated result: 

Theorem 2.42 (G. Baumslag |Bau62] ) For all g > 2, the group VTiSg is 
fully residually free. In other words, for every n> 0, there exists a morphism 
(fn- TTiSg — > F2 such that ker((/9„) n Bn = {!}• 

Heuristically, the morphisms ipn are "more and more injective". In the 
language of [SelOU It^GOSj , the group vri is a "limit group" of the group F2 . 
In fact, we will need a statement a little more general: we will need to make 
two explicitly given morphisms "more and more injective" , by composing them 
with automorphisms of vriSg. For all 5 > 3, we denote e^: vriSg 7riSg_i 
the morphism consisting of collapsing the last handle. More precisely, given 
the two standard presentations 



the map eg is defined by 6^(7) = 7 for 7 = ai, 61, . . . , Og-i, bg-i and 6^(7) = 1 
for 7 = ag,bg. Now let g > 2; we will consider a Fuchsian group Gg and a 
morphism pgi vriSg Gg, depending on the parity of g. 

If g is even, g = 2g' , we fix a Fuchsian group Gg of signature {g';2). It 
is the fundamental group of the hyperbolic orbifold of genus g' and with one 
conic singularity of angle vr (= ^). This orbifold possesses a covering fg of 



TTlTjg = (ai, . . . ,bg\[ai,bl] - ■ ■ [Ug, bg 



J = l) 




and 
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degree 2, branched over the conic singularity, 





and we set pg = fg^: vriSg — > Gg. Recall that the Fuchsian group Gg, of 
signature {g';2), has the following presentation: 



Then we define the map pg: vriS^ Gg by letting Pg{ai) = pg{ag'^i) = ai 
and Pg{bi) = Pg{bg'^i) = (3i for all i between 1 and g' . 

In the case when g is odd, g = 2g' + 1, we fix a Fuchsian group Gg of 
signature {g'; 2, 2, 2). Recall that such a group has the following presentation: 



We denote by pg : vriSg ^ Gg the morphism defined by Pg{ai) = , Pg{bi) = 
and Pgiai) = (gig2)""^aj-i(g'ig'2), Pgih) = {qiq2)~'^ (3i-iiqiq2) , for all i 
between 2 and g' + 1, and Pg{ai) = aj_g'_i and Pgipi^gi^i) = j3i when g' + 2 < 
i < g. It is a little more delicate, in the case when g is odd, to draw pg as a 
covering. 

In the two cases of parity of g, it has been proved (see |FW07j . proposition 
4.5) that the discrete representation pg (as an element of Rg) has Euler class 
2g — 3; this is why we consider it. 

Lemma 2.43 Let g > 4. Then for all n > 0, there exists an element 7„ G 
Aut{TTiT,g) such that the kernel of the morphism Pg o^^; vriSg — > Gg does not 
contain any non-trivial element of length less than n. 

In other words, we can "mix" the curves representing Oj and hi by Dehn 
twists, so that the map pg does not kill any word of given length, that is, we 
can change this map into maps which are "arbitrarily injective" . 



Lemma 2.44 Let g > 3. Then for all n > 0, there exists an element 'jn € 
Aut{TTiT,g) such that the kernel of the map egOj^: ttiS^ Gg does not contain 
any non-trivial elements of length less than n. 

V. Guirardel pointed out to me the following proof, which is due to Z. Sela. 





qi,q2,ai,. . . ,(3g' qf = q2 = I, {qmiai, Pi] ■ ■ ■ [og' , Pg']) =1 



Similarly: 
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Proposition 2.45 Let Y, be a surface, possibly with boundary, of Euler char- 
acteristic less or equal to —1. Let ip: vriS be a morphism of non abelian 
image in a free group ¥, whose restrictions to the fundamental groups of the 
boundary components are injective. Then for all finite subset P C vriS \ {1}, 
there exists a difjeomorphism jp ofT,, preserving pointwise the boundary com- 
ponents, and such that Ker{ip o 7p^) n P = 0. 

Corollary 2.46 Let g > 2, and let ip: vriSg — > F 5e a morphism of non 
abelian image. Then for all n, there exists £ Aut{TTiT,g) such that Ker{ipo 

7„)ns„ = {i}. 

The lemmas ITiHl and \2M\ follow: 
Proof of lemma 12.431 

The map tpg-. Gg ^ F2 defined by ^g{ai) = x, 923(02) = y and ^g{u) = 1 
for all the other generators u of Gg, with F2 = {x,y), is a morphism of non 
abelian image, and fgopg-. vriSg ¥2 is therefore a morphism satisfying the 
hypotheses of corollary I2.46[ Thus, we can conjugate it by automorphisms of 
TTiSg in order to make it "arbitrarily injective". □ 

Proof of lemma [^.441 

If 5 > 3, the map cpg-. 7riEg_i — > F2 defined by ^g{ai) = x, 93^(02) = y 
and ^g{u) = 1 for all the other generators 7riSg_i is still a morphism of non 
abelian image. □ 

The proof of the proposition relies on the following two lemmas. 

Lemma 2.47 (Z. Sela [SelOlj . lemma 5.13) Let be a surface, possibly 
with boundary, of Euler characteristic less or equal to —1. Let ip: vriS — > F 
be a morphism of non abelian image in a free group ¥, whose restrictions to 
the fundamental groups of the boundary components are injective. Then there 
exists a family of disjoint closed simple curves c\, . . . , Cp in T,, which cut S 
into pairs of pants, and such that the restriction of ip to the fundamental group 
of each pair of pant is injective. 

Lemma 2.48 (G. Baumslag [Bau62) . proposition 1) Let¥ be a free group 
and let ai, . . . , Qn, c G ¥ be such that c does not commute with any of the ai 's. 
Then for all ko, . . . ,kn large enough, the element c'^"aic'^^a2 • • • c^"~^anC^" is 
non trivial in F. 

Proof of proposition 12.451 

Denote by x(^) ^^^d di^) the Euler characteristic and the genus of S. We 
shall work by induction on (— x(S), (/(S)), following the lexicographic order. 
The number ^(S) being between and 1 — the element (— x(5]), ^(S)) 
indeed describes a set which is in bijection preserving the order with N. 

If x(S) = ~1) then ip is injective (see e.g. |CG05j . proposition 3.1). Hence, 
suppose that the proposition is true for all E' such that (— x(E'), g'(E')) < 
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(— x(S),5(S)) (for the lexicographic order) and consider curves ci,. . . ,Cp as 
in Z. Sola's lemma. 

Suppose first that ci is a separating curve: denote S = S1US2. Put the 

Cl 

base point near ci, on the side of Si. We have vriS = 7riSi*7riS2, where a 

a 

is represented by the curve ci, deformed so that it passes through the base 
point. Fix a finite subset P C ttiS. For every m G P, choose a writing 
m = a\a'^^h\a^'^ ■ ■ ■ anoJ^^hnof'^ , with ai G ttiSi and hi G tt\^2, and such 
that Oj, hi do not commute with a (except maybe ai or in which case 
wc do not write them in m). Denote by Pi the subset of ttiSi defined by 
the elements aaiOT^a^ and denote by P2 the subset of 7riS2 defined by the 
elements ahia~^h'^^. By induction hypothesis, there exists a diffeomorphism 
71 of Si fixing the boundary of Si (as well as the boundary of the curve 
Cl), and a diffeomorphism 72 of S2 fixing the boundary of S2 such that for 
all tt G Pi we have o 71^(14) / 1 and such that for all u G P2 we have 
o l2*{u) ^ 1. Consider then a diffeomorphism 7^ : S — S defined by 71 on 
Si, 72 on S2 and by k Dehn twists along ci. Then 7^^ : ttiS — ^ ttiS is defined 
as follows: if ai, . . . , a„ G vriSi and 61, . . . , 6„ G 7riS2, we have 

Ik* (aia^^hW^ ■ ■ ■ ana''"hna^"^ =7i*(ai)a'=i+S2*(&i)«'i~'= • • • 7i*(an)«'="'^S2*(bi) 

Let m E P, and consider the expression m = aia'^^hia''^ ■ ■ ■ a„a*^"6na'" chosen 
before. We then have 

^oik* (m) = ipo^u{ai)ip{af^+''ipo^2*{bi)ip{af^~'' ■ ■ ■ </'07i^(o„)<^(a)'=''+'=<^o72^(6„)(^(a)'"- 

Since aajCK^-'-a"''' G Pi, we have ipo^i^[aaia^^a'^ '^) / 1, but7i^(a) = a: hence 
¥'07i*(ai) does not commute with (^(ai). All the conditions of G. Baumslag's 
lemma arc satisfied, and hence for all k large enough, ip o 7^.^ sends every non 
trivial element of P on a non trivial element of F. 

Suppose finally that ci is a non separating curve. Then S, this time, is 
obtained by glueing two boundary components of a surface Si, and we have 
-;^(S) = -x(Si) but (/(Si) < (/(S). Wc have vriS = (vriSi, tlt-^at = /?), 
where a,(3 £ vriSi are represented by the boundary components of Si con- 
cerned by the glueing, and where t is represented, in S, by a simple curve in- 
tersecting the curve ci at a single point. The elements m G ttiS can be written 
(non uniquely) as m = t^"ait^i • • • a„t^" with G vriSi; if 7 is a diffeomor- 
phism of Si fixing its boundary (as well as a neighbourhood of ci containing 
the base point) then 7*(m) = t*^°7*(ai)t*^i • • •7*(an)i'^", and the image of m 
under k Dehn twists along ci is equal to {a''t)'^°ai{a'^t)'^^ ■ ■ ■ an{a'^t)'^" ■ The 
same argument as in the preceding case transposes here, thereby finishing the 
induction. □ 



3 Compactifications, degenerations and orientation 

Before going into the study of the compactifications and m°, we will need to 
prove a technical fact, namely that the connected components of the spaces m° 
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and rrig are one-ended. This implies that for every compactification considered, 
the boundaries of these connected components are connected spaces. 

3.1 The connected components of and m° are one-ended 

Let us begin with some recalls. 

Definition 3.1 Let X be a connected locally compact space. The suppremum 
of the number of unbounded components (i.e., whose closure is non compact) 
of X\K, as K describes the set of compact subsets of X, is called the number 
of ends of X . 

Here, once again, we are interested in the case T = ttiS^ and n = 2; 
we denote m° = with the same notations as before. We fix the 

generating set 

S = [ai, aj"\ 6i, . . . , hg, h''^] . 
Recall (corollary I2.14|) that the function d : m° — > M_|_ defined as 

dip) = min max p(s)x) 

is well defined, continuous and proper. In particular m° is locally compact, 
and, similarly, is locally compact. 

We are going to prove that the connected components of well as 

those of m^, are one-ended. Since the proof is exactly the same in both 
cases, until the end of this section (and only in this section) we will denote 
by rUg these representation spaces, and by rng^k the corresponding connected 
components, being vague whether we consider the oriented or the unoriented 
representation space. 

In |Hit87j . N. Hitchin proved that for all A; e {0, ... , 2g — 2}, the connected 
component nig^k of rUg is homeomorphic to a complex vector bundle of dimen- 
sion g — 1 + \k\ on the {2g — 2 — |A;|)-th symmetric product of the surface. It 
follows, in particular, that the connected component rug^k is one-ended, for 
every k ^ 0. We shall give a much more elementary proof (than the one of 
|Hit87] ) of this result, and generalize it to the case A: = 0. 

Proposition 3.2 For all k such that \k\ < 2g — 2, the space rug^k is one-ended. 
First let us fix some notations. If S" C S, we denote 
ds'{p) = iiif ma,xd{x, p{s)x). 

If r > and S' C S, we denote 

K's' = {[p]Cm°\ds'{p)<r}, 

= Kg, Ug, = rUg \ Kg,. If s £ S, W^^y is therefore the set of con- 
jugacy classes of representations p such that p{s) is a hyperbolic element 
whose translation length is strictly greater than r, which is equivalent to 
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T¥(p(s)) > 2 cosh r. We denote = [/[^^^ n C/[^^^ et W = ?7[„^^ U C/[^^^. Of 
course, y C M^*" C m° \ K"" . Also, for all A £ PSL{2,M), we wish to choose 
a one-parameter subgroup passing through A. If A = Id, we set At = Id, for 
all t G M. If A S Par U Hyp, we choose At such that Aq = Id and = A. 
If A G Ell, we further require that At ^ Id for all t G (0,1], and that At 
is a rotation of positive angle for small t. Note that for all n G Z, we have 

An = A^. 

We shall actually establish the following result: 



Proposition 3.3 For every A; G Z such that \k\ < 2g — 2, and all r > 0, 
every two representations pi,p2 G "t-^./c \ K^''^^^^b^ can be joined by a path in 



Lemma 3.4 Let A,B £ PSL{2,R) be such that Tr{B) > 2. Then for all 
r > 0, there exist n £ 1^ and x G M such that Tr (A ■ (BAx)'^) > 2 cosh r. 

Proof 

We have B G Hyp, so we can write S = ^ ^ ^ ^ with A > 1, and 

A = ^ ^ d ) adapted basis. Then Tr(^ • S") = |aA" + ^| . This 

trace can be made arbitrarily large, as one takes |?7-| big enough, except in 
the case when a = d = 0, or, equivalently, when A is an elliptic element 
which exchanges the fixed points of B in SooEI^- In that case, if x is small 
enough, then B ■ Ax is still a hyperbolic element, whose fixed points are 
distinct to those of B in c?ooH^ (indeed, up to conjugating p by a diagonal 

matrix, we have A = ( ^ ] hence A^- = ( 5 ^^^J^ ] and then 

\ 1 / V smf cosf y 

(\ COS \ sin \ 
I . X 1 ) does not fix either oo when sin ^ / 0) . □ 

Lemma 3.5 Let A,B £ PSL{2,R) such that [A,B] / 1. Then there exist 
x£R andn£Z such that Tr {B ■ (ABx^) > 2. 

Proof 

If S G Hyp, we take n = 0. If ^ G Hyp, then we exchange the roles of A 
and B, we apply lemma [331 If A or i? is parabolic, and A,B^ Hyp, then 
Tr (B ■ (ABx)"') > 2 as soon as a; or n is large enough, as in lemma 13.41 (it 
suffices to write the matrices). Since A,B^ Id, the only remaining case is 
when A,B£ Ell. For some small x, the matrix A ■ Bx is elliptic, of infinite 
order (indeed, ABx is still elliptic since traces are continuous, and one proves 
very easily (see e.g. |FW07j . lemma 3.2) that this trace is non constant, so 
that the elliptic element ABx has irrational angle for infinitely many x), and 

does not commute with B. In some adapted basis, B = ( sin 6*1 

y smt/i costal 

and ABr = ■ ( ^^^^^ sin02 \ _ jj ^]^gj.g jj gg^ds the fixed point of B 
\ sm92 cos (92 / 
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on that of ABx- In particular, we can require that U is hyperbohc. Since 62 is 
irrational, (ABx)"^ can be arbitrarily close to U^^B~^U, and Tic{BU^^ B^^U) 
is the trace of the commutator of a hyperbolic element with an elliptic ele- 
ment in PSL(2,M), and we can check by easy computation that this is always 
strictly greater than 2. Therefore, Tr (B ■ (ABx)^) > 2, for some n G Z. □ 



Lemma 3.6 Let p G nig \ K^'^^^V , Then there exist si, S2 G {ai, . . . , bg} 
such that d^si,s2}ip) > ^■ 

Proof 

Ifp G Rg, S' C Sand a > denote (/>) = {x G |Vs G S' , d{x,p{s)x) <a}. 

Let a > 0, and suppose that P"si S2}^P^ ^ ^ every pair {si,S2} C 
{oi, . . . , Then for every triple {si, S2, S3}, the convex sets F"^^y{p), F"^^y{p), 
intersect pairwise, hence, since is (5jj2 -hyperbolic, there exists a 
point X at distance at most 25^2 of each of these three sets. This implies 
that X G ^^^^^y{p) . More generally, if x > is such that for every k- 
tuple S' of {ai, . . . , / 0, then, if {si, . . . , Sfc+i} C {oi, . . . , bg}, the 

convex sets F? ^ ^ ^ \ip) and F? ^ ^ ^(p) intersect 

pairwise, and it follows that Ff^ ,(p) 7^ 0. Therefore, by induction on 
Card{{ai, . . . , bg}) we get that < a + 8g(5jj2, as soon as F^^^ S2}^P^ ^ 
for every pair {si, S2} C {ai, . . . , bg}. 

Since the inequality d{p) > r + 8(75][|2 is strict, there exists e > such 
that d{p) > r + 85((5e2 + e, which implies that there exists a pair {si,S2} C 
{ai,...,6g} such that ^^^^'^S2}^P^ ~ ^'^ ^^^^ implies that d{si,s2}(p) > r + e 
hence d{s-,,s2}{p) > r. □ 

Proof of proposition 13. 3i 

Step 1: Let pQ, pi G y Pi e^^{k). Then there exists a path pt G , 
joining po and pi. 

By lemma 10.1 of W. Goldman |Gol88j . for every k £ Z such that < 25^— 
2, the set of representations p such that [p{ai) , p{bi)] ^ Id is path-connected 
and dense in rrtg^k- We can thus perturb po and pi, and find a path pt G 
mg^k joining pQ to pi and such that for all t G [0, 1] and all i G {1, . . . , <?}, 

[pt(ai)>Pt(^i)] 7^ Id. 

Let t G [0, 1] and i G {1, 2}. Denote ^(t) = /9t(ai) and B{t) = pt{bi). Then 

by lemmaESl there exist ni{t) G Z and Xi(t) G M such that Tr 

2, and, of course, we have 

'A{t)B{t)x^^,),B{t) = [A{t),B{t)]. 

Hence, by lemma [3^ there exist n'^{t) G Z and x^(t) G M such that 

TV > 2coshr, 

(3) 
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and we have again 



[A,B]. 



(4) 

The equaUty ^ being strict, for all r G [0, 1] there exists an interval (r — 
5,T + 5) such that for all t G {t — 5,t + 5) H [0, 1] we have 

TV > 2coshr. 

The compact set [0, 1] is covered by finitely many such intervals, hence there 
exists a subdivision = to < *i < " " " < ^fc = 1) and elements 'nl,nl G Z, 
x'i-.xl G M, such that for every i G {1, 2} and j G {0, . . . , — 1} such that for 
all t G we have 

TV (^A{t)B{t)^, (B(t){A(t)B(t)^,)"i{A(t)B(t)^^^,y^ j > 2coshr, (5) 

with X? = xf = = nf = 0. We also set = = = = 0. Fix 
J G {0, . . . , A; — 1}. For all t G [tj, tj+i] and i G {1, 2}, we set 



//(aO = M{t)B,{t)^,^ ■ (B,{t){A{t)Bi{t)^,)< ■ {A,{t)Bi(t)^^^^ 



and 

fl{hi) = Bi{t){Ai{t)B,{t)^,f 



with = pt{ai) and = and we put (aj) = pt{ai), fHh) = 

Pt{bi) for i < 3. The identity dH) guarantees that we are indeed defining a 
representation // G for all j G {0, . . . , /c — 1} and t G [tj,tj^i]. Note that 
we have /q = po- Denote also fi = pi. 

Now we can construct a path joining po to pi in W^', as follows: 

• The path enables to travel from to //. ^ without leaving VF'', by 

• In order to go from f/ to f/^^, we first use Dehn twists in the first han- 
die, and then we use Dehn twists in the second handle. More precisely, 
for every j between and k — 1, denote yi{t) = txj + (1 — t)xi^^ , y'i{t) = 
tx{ + (1 - mi{t) = tr^ + (1 - t)n{+\ m[{t) = tnf + (1 - t)nj+^', 
et Ai = Ai{tj j^i), Bi = Bi{tj^i). We then set 



giiai) = AiBiy.^(^t) ■ (^Bi{AiBiy^(^t)).^^(t-j ■ 

aiih) = 5i(^iBij;i(t))mi(t) 
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and gl (x) = /j^,^^ (x) for all t £ [0, 1] and all x G {02, 62, . . . , a^, and 
we set 



/it (02) - ^2-B2y2(t) • (-B2(^2-B2y2(t))m2(t) ' (-42-B2y2(t) (t) 



ht{b2) = B2{A2B2y^(t))rn2(t) 



and /ij (x) = /j^,^^ (x) for all t G [0, 1] and all x € {ai, hi, 03, 63, ... , a^, 

We then have = /t^.^-^, §{ = and h\ = /j^^l, and the equality ([5]) 
still guarantees that these paths do not leave W'^ . 

Step 2: Lei p E \ i^'''+^5"^H2 . Then there exists a path pt taking values 
in nig^k \ , such that po = P and pi G . 

By lemma there exist si,S2 G {ai, . . . , bg} such that F|^^ 52} ^'^-^ ^ ''"^ 
5 > 3, then there exists i £ {1, . . . , g} such that {a^, bi} n {si, S2} = 0. In that 
case, as in step 1, we can use Dehn twists in the handle i, without entering 
since we do not touch p{si), p{s2)- This completes the proof of proposition 
13.31 in the case 5 > 3. 

In the case when g = 2 and {si,S2} = {aii&i} or {^1,52} = {^25^2}, we 
do the same as in the preceding cases. Now suppose for instance that si = oi 
et S2 = a2 (the other cases are dealt with similarly). If p{ai) or ^(02) is 
hyperbolic (say, for instance, p{ai)), then as in lemma Dehn twists enable 
to get Tr(pf(6i)) > 2 cosh r (almost) without touching p{ai) and p{a2)- If 
p{ai) or p{a2) is parabolic (say, p(ai)), then one proves easily (see e.g. lemma 
3.2) that Ti{p{ai)p{hi)t) is non constant at t = 0, and in that way we can get 
to the case when p{ai) is hyperbolic. 

The last case, in which p{ai),p{a2) G Ell, is still going to require some 

work. Up to conjugating p, we have p{ai) = ^ g°^^ cos^^ )' ^^'^ '"(^1) ~ 

^ ^, I . There exists a G M such that the vectors f | and j ~'~ ^ 

c a J \ sm a J \ — c 

of are colinear. And (a + d)'^ + (6 - c)^ = 4 + (a - d^ + {b + c)^ > 4, 

since p{bi) does not commute with p{ai) (indeed, if a = d and b = —c 

then + 6^ = 1 hence p(bi) is under the form ( smx \- 

y sm X cos x J 

then have Tr f f ^, I • ( ^^^"^ sin a \\ ^ 2 =0 that, for some t G 
y y c a J \ sm a cos a y y 

M, p{bi)p{ai)t G -ffyp. Note also that the axis of that hyperbolic element 

passes through the fixed point of p{ai) (indeed, p{bi)p{ai)t is of the form 

X y \ / — 1 \ 

1 . By conjugating this element by the rotation ( ^ ^ 1 we get 

{p{bi)p{ai)t)^^ , so the element ^ ^ exchanges the fixed points of 

p{bi)p{ai)t, which implies that the axis of p{bi)p{ai)t passes through the fixed 
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point of 1^ Q J)- This is not extremely important for the proof, but 
explains figured! 

Denote M = [p{ai), p{bi)\. It is the commutator of two non-commuting 
elliptic elements in P5L(2,]R). An easy computation then yields Tr(M) > 2, 
hence M G Hyp. The number a2}(/') depends only on the angles of the 
rotations p(ai) and p{a2), and of the distance between their respective centres 
xi, X2 G H^. Regardless of the repartition of these fixed points and the axis of 
M, there exists e G {—1, 1} such that for all t > 0, d[xi,M^t ■ X2) > d{xi,X2)- 
Denote by p G 9EI^ the attractive point of M^. By conjugating p(a2) and 
^(62) by Met (equivalently, by making a Dehn twists along the simple closed 
curve representing [ai,6i]), we get a representation pt such that d^ai,a2}{Pt) is 
arbitrarily large; the fixed point of pt{<i2) being sent to p. 

Now suppose that p{hi) is hyperbolic, with its axis passing through the 
fixed point of p{ai). Then for all t such that |t| is small enough, the element 
p{ai)p{bi)t is elliptic; its fixed point can be found as suggests the following 
picture: 



P(bl 



•-^ p(ai) 



Figure 1: The element p{ai) ■ p{bi)t. 

There exist two real numbers ti and t2 such that p{ai)p{hi)ti are parabolic 
elements, whose unique fixed point is one of the points drawn on the above 
picture. At least one of these points does not depend on p; denote by T = tj 
a corresponding element. Then for all t G [0, T], p is not a fixed point of 
p{ai)p{bi)t- Hence, if we have sent the fixed point of p{a2) far enough, this 
defines a path p[ such that c^{ai,a2}(Pt) stays large, and for all t big enough, 
p't{ai) G Par, hence we recover the preceding situation. □ 

Similarly, we can prove that every loop can be pushed out of every compact 
set. In other words, the fundamental group of the space e~^{k) is entirely 
carried by this only end. 

This fact will be useful here for the following reason: 
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Corollary 3.7 Let k £ {2 — 2g, . . . ,2g — 2} and denote X = nig^k- Let {X, i) 
he a compactification of X . Then dX is connected. 

Proof 

The space X has at least one end, hence is non compact: therefore, dX is 
non empty. Suppose that dX = AD B, where A and B are disjoint, open and 
closed subsets of dX. The boundary dX being closed, A and B are closed 
subsets of X. Since X is compact Hausdorff, it is normal. Hence, there exist 
two open subsets U and VofX such that A C U, B C V, and U nV = fH. 
The open set U U V contains dX hence it is the complement of a compact 
subset K of X. This compact set K is contained in K^, for r large enough. 
And X \ K^' possesses a unique unbounded connected component, denote it 
by W. By proposition [331 ^ \ is contained in K^'+^^^b^ , thus K' = X \W 
is a compact subset of X. Now W is dense in W' = X ~\K', which is therefore 
connected. Denote U' = W' nU and V' = W n V. Then U' contains A, V 
contains B, U' and V' are open, U' r\V' = 0, and W = U' U V is connected. 
This implies that ^7' = or = 0, hence A = or 5 = 0. □ 

3.2 Oriented compactification 

In most of the sequel we will consider the case n = 2, and we consider the 
compactification of the space of actions on the hyperbolic plane H^. We 
will prove, at least in the case when T is a surface group, that this space is 
degenerated; and it seems more natural to study a compactification of the 
oriented version mp. 

As we said before, the ideal points of the compactification rrig of M. Bestv- 
ina and F. Paulin are (equivariant isometry classes of) actions of vriS^ by 
isometrics on M-trees. We shall prove that it is possible to equip these M-trees 
with an orientation, so that we can define an Euler class on these trees. This 
will enable to define a compactification of m°, in which the Euler class extends 
continuously to the boundary. 

3.2.1 Fat M-trees 

Let X be a hyperbolic space in the sense of Gromov. A germ of rays, in X, is 
an equivalence class of rays, for the following equivalence relation: we say that 
two rays are equivalent if they coincide on some non trivial initial segment. 

In the rest of this section, T will be an R-tree non reduced to a point. At 
every point x G T, denote by G{x) the set of germs of rays issued of x. An 
orientation ofT is the data, for all x S T, of a total cyclic order or{x) in Q{x). 

Definition 3.8 

• An M-iree equipped with an orientation is called a fat M-tree. 

• Let {T,or) and (T',or') be two fat M-trees and let h £ Lsom{T,T') be 
an isometry. Of course, h defines, at every point x £ T, a bijection 
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Ghx- G{x) — G{h{x)). We say that h preserves the orientation if for 
every x eT, the following diagram commutes: 

or(x) ^ 

{-1,0,1}. 




or'{h{x)) 

g{h{x)f 

The set of isometries of T which preserve the orientation or form a 
subgroup of Isom{T), which will denote Isom'^{T). 

• We say that an action p: F — Isom{X) of a group F by isometries 
preserves the orientation or if it takes values into Isom'^{T). 

Since we are interested in defining the Euler class of actions on R-trees 
preserving the orientation, we need to consider more particularly the boundary 
of the tree. We say that a total cyclic order o on dooT is coherent if for every 
X G r and every non degenerate triple {01,02,03} of rays issued from x, the 
element o(ri,r2,r3) does not depend on the chosen representants ri, r2, r^ of 

Cl, C2, C3. 

For instance, in the following configuration 

^3 V y '^2 



r4 ^ ^ ri 

a total cyclic order o on the boundary {ri, r2, r3, r^} is coherent if and only if 
it verifies o(ri,r2,r3) = o(ri,r2,r4) et o(ri,r3,r4) = o(r2,r3,r4). 

Of course, there is a relation between orientations on an M-tree and coher- 
ent total cyclic orders on its boundary. Let us begin with some notations. 

Naturally, we say that an M-tree T is the convex hull of its boundary if it 
is the closure of the union of the geodesies which are isometric to the whole 
M. In other words, if 

T= U (a, 6). 

a,bedooT 

We also say that two non degenerate tripods are equivalent if their inter- 
section is a non degenerate tripod; we denote by Trip{T) the set of equivalence 
classes. Denote 

and equip it with the product topology (the topology of pointwisc conver- 
gence). By Tikhonov's theorem, it is a compact space. Denote by Ot the 
(closed) set of functions which satisfy the following conditions: for every 
tripod Trip{aQ,ai,a2,a^) (where oq is the central point), we have 

o{Trip{ao,ai,a2,az)) = o{Trip{ao,a2,a3,ai)) = -o{Trip{ao,ai,a3,a2)). 
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Non degenerate triples of germs of rays issued from a same point are naturally 
identified with classes of tripods, so that an orientation of T is naturally 
identified with an element of Ot- More precisely, denote by ORt C Ot 
the set consisting of functions satisfying the following condition: for all a G T 
and all tripods Trip{a, b, c, d) and Trip{a, b, d, e) of central point a, 

or{Trip{a, b, c, d)) = or{Trip{a, b, d, e)) = 1 ^ or{Trip{a, b, c, e)) = 1. 

Then ORt identifies to the set of orientations of T; remark that ORt is a 
closed set. 

Now let Et be the set 

Et = {-W}('^^\ 

equipped with the product topology. Let be the (closed) subset of Et, 
consisting of elements o G Et satisfying: 

V(x, y, z) G ((9^)^ o(x, y, = 4^ Card{x, y, z] < 2. 

Denote by ORDt the set of coherent cyclic orders on dooT. 

For every non degenerate triple {x,y,z) G (dooT)^, denote by t{x,y,z) G 
Trip{T) the class of the tripod (x, y) U (x, z) U (y, z) . This function t defines, 
by precomposition, a function /: Ot — > Et- 

Proposition 3.9 Suppose that T is the convex hull of its boundary. Then the 
restriction of f to ORt is a homeomorphism on its image ORDt- 

Proof 

Denote 

r'= U (a, 6). 

We easily check that T' is connected (if x,y £ T' , then x G (a, b) and y G (c, d): 
then (a, c) H (a, 6) is non empty since T is a tree, thus there exists a path in T' 
joining x to a point of (a, c) , and (a, c) Pi (c, d) 7^ guarantees that there is a 
path in T' joining x to a point of (c, d) , and then to y), hence T' is a subtree 
of T, dense in T'. Therefore, every class of tripods possesses a representant 
in T'; one checks also that every segment in T' is a subset of some line (a, b) . 
The function t is thus surjective, so that / is injective. 

The continuity of / is straightforward, and hence / is a homeomorphism 
from ORt (which is compact) on its image (which is Hausdorff); now we need 
to check that /(Oi^r) = ORDt- 

Let or be an orientation of T, and o = f{or)- It is immediate that the 
function o: dooT^ {~1)0, 1} satisfies the conditions 1 and 2 of definition 
12.201 Let us check that condition 3 is also satisfied: suppose that o(ri, r2, rs) = 
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o(ri,r3,r4) = 1. For every non degenerate triple (a, 6, c) G (?ooT, {a,b) n 
(a, c) n (6, c) is a singleton; denote it by {Pabc}- If -frir3r4 G ('"i; -frir2ra), then 

\ P 

\ ^ rir2r-3 

Prxvzrt, = PriT-iTA and the germs of [-Prir2r4) ^'2) and [Prxr2rA-,f^) are identical, 
so that o(ri,r2,r4) = 1. If Pr^r^ri G (-frir2T-3) ^'s) the argument is the same. 
If Pr^r^TA = Prir2r3, then the germs of the rays [Prir2r3) ^^2) and [Prir2r3j ''4) 
are distinct since we have o(ri,r3,r2) 7^ o(ri,r3,r4): hence [Prir2r3 5 J^i) , 
[Prir2r3! ^^4) define four germs of rays issued from Pr^r2r3, which are all dis- 
tinct, hence o{ri,r2,ri) = 1, since or (-Prir2T-3) satisfies condition 3 of definition 
12.201 And by construction, the order o is coherent. We have just proved that 
/{ORt) C ORDt- But by definition, a total cyclic order is coherent if and 
only if it is in the image of /, and if /(or) is a coherent total cyclic order we 
check easily that or is indeed an orientation of T. □ 

Now recall that an action of a group T by isometrics on an M-tree T is 
called minimal if T possesses no subtree T' C T, invariant under the action of 
r, distinct from and T. 

In the sequel, F is a finitely generated group and we consider minimal 
actions of F on M-trees. In that case, T is the union of the translation axes 
of the hyperbolic elements in the image of F (see e.g. [MS841 IPau89j ). In 
particular, such trees are the convex hulls of their boundaries. 

In the sequel, we shall need to consider the set of classes of minimal actions 
of F on fat M-trees, preserving the orientation, up to equivariant isometry 
preserving the order. General arguments of cardinality enable to do that, but 
the following proposition enables us to see this as an explicit set. 

If (T, or) is a fat M-tree and li u,v,w £ T are not aligned, then they define 
a class of tripods and we denote by or{u,v,w) £ {—1,1} the image of this 
tripod by or. If u,v,w are aligned, then we write or{u,v,w) = 0. 

Proposition 3.10 Let {T,or) be a fat M-tree, let xq £ T, and let p:T ^ 

I sorrf' {T) he a minimal action of a finitely generated group T, preserving 
the orientation. Then the M-tree T , the orientation or and the action p are 
entirely determined by the functions /: F^ ^ M ei 5^: F^ ^ {—1,0, 1} defined 
by 

f {11,12) = dr {71x0, -/2X0) et 5(71,72,73) = 0(713^0,723^0, 733^0)- 

More precisely, if p: T Isom°^{T) and p' : T ^ Isom°^' {T') define the 
same functions f and g, for some choices of base points in T and T' , then 
there exists an equivariant isometry (p: T ^ T' preserving the order and the 
base point. 
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Proof 

This is well-known (see e.g. |Pau89j ) for minimal actions of a finitely generated 
groups on M-trees; here we simply need to add the orientation. 

Let us begin with the following remark. Let T and T' be two fat M-trees and 
xi, . . . ,Xn G T, x[, . . . ,x'n £ T' such that for for all i, j, d{xi, xj) = d{x^,x'j) 
and all i,j,k, or{xi,Xj,Xk) = or'{x[,x'j,x'j^). Denote K = {xi,... Then 
the function ipK '■ {xi, . . . , x„} {x'^, . . . , x'^} defined by ipxixi) = x[ extends 
uniquely to an orientation-preserving isometry 

^Hull{K)- Hull{{xi,...,Xn}) Hull{{x[,...,x'j^}) 

(the subsets HuU{{xi, . . . ,Xn}) and Hull{{x'i, . . . as subtrees of T and 

T' , are oriented trees, by the restrictions of or and or'). 

We prove this by induction. If n = 1, there is not very much to do. Denote 
again K = {xi, . . . , x„} and suppose that ipHuii(K) is an orientation-preserving 
isometry between Hull{{xi, . . . , and Hull{{x[, . . . , Denote by Un+i 

the projection of Xn+i on Hull{K). The following relation, true in every M- 
tree, 

c 

0L=\ {d{a, b) + d{a, c) — d{b, c)) 

//a 
a '/ 

enables to find yn+i in the tree Hull{K): the real numbers d{xi, Xn+i), • • • , 
d{xn, Xn+i) determine a unique point Un+i G Hull{K); and similarly they de- 
termine a unique point y'n+i S Hull{{x'i, . . . , x^}), and we have ^Huii{K){yn+i) = 

If Xn+i = Vn+i then Hull{{xi, . . . ,Xn}) = Hull{{xi, . . . ,Xn+i}) and 
Hull{{x[, . . . , = Hull{{x[, . . . , and the induction is proved. Oth- 

erwise, HuU{{xi, . . . ,Xn+i}) is obtained by glueing at the point yn+i the 
tree HuU{{xi, . . . and the segment whose length is deter- 

mined by the real numbers d{xi, Xn+i), d{xn, Xn+i); and similarly for 
Hull{{x'i, . . . ,x'j^_^i}) in T' . In that way, the isometry fHuii{K) extends to a 
unique isometry ^Huii{{xi,...,x„+i})- Since ^huU{k) preserves the orientation, 
we need only check that Huii({x-i,...,xn+x}) preserves the orientation at the ver- 
tex yn+i- But this follows from the fact that all the classes of the tripods 
of centre Vn+i have a representant of the type i/n//({xj, Xj, x„+i}), where 
Card{{i, j,n + 1}) = 3. 

Now suppose that (p, T) and {p',T') define the same functions / and g; 
denote by xq and Xq the base points. Let P be a finite subset of T. We then 
have a unique isometry ^huII{P-xo) between Hull{P ■ xq) and Hull{P ■ Xq), 
preserving the orientation, such that ^Huii{P-xa)^l " ^o) = Ix'q. In particular, 
for every finite subset Q of P the restriction of ^huU(P-xo) to Hull{Q-xo) equals 
^HuU{Q-xo)i SO that we can construct an isometry (p: \Jp^-p HuU{P ■ xq) — > 
(Jp^P Hull{P ■ Xq), such that for all 7 G F we have (^9(7 • xq) = 7 • Xg; and and 
we also deduce that for every 7 S F and every finite subset P of F we have 

Vy G Hull{P ■ xo), p'(7) • 'PhuU{p-xo) = fHuii{-iP-xo){p{l) ■ v) 
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which ensures that the isometry ip is equivariant for the actions p' on the 
trees Upcr HuII{P-xq) and Upcr HuII{P-x'q). Every tripod in Upcr Hull{P- 
xq) is in Hull{P ■ xq) for P big enough, hence if preserves the orientation. Fi- 
nally, the actions p and p' being minimal, we have |Jp^p-ffu//(P • xq) = T 
and [Jpi^j. Hull{P ■ x'q) = T'; whence T — > T' is an orientation-preserving 
equivariant isometry, such that f{xQ) = x'q. □ 

Of course, / and g depend on xq, anyway it follows from this proposition 
that the classes of actions of T on fat M-trees not reduced to a point, up 
to orientation-preserving equivariant isometry, form a set, which we denote 
r"(r). We denote by T°(r) its subset formed by those {p,T) £ T"{T) such 
that min max(ir(iCo,7 • xq) = 1 and such that whenever p possesses at least 

one global fixed point in dooT, the tree T is isometric to R. 

Our aim now is to define a topology on the set mp(2) U T°{T). 

3.2.2 Rigidity of the order 

We first need to give some technical lemmas indicating that the orders given 
by triples of points in fat M-trees, as well as in H^, are stable under small 
perturbations of the tree or of the plane. In all this section, X will be a fat 
M-tree or the hyperbolic plane H^, equipped with its orientation (and hence, 

with a total cyclic order on its boundary) , and with a metric —5- proportional 

S 2 

to its usual metric. Its best hyperbolic constant is then d{X) = 

Lemma 3.11 Let xi,X2,x^ £ X. Then there exists a unique xq £ X which 
minimizes the function x d{x, xi) + d{x, X2) + d{x, X3). Moreover, the func- 
tion X^ — > X defined by {xi,X2,x-3) xq is continuous. 

Proof 

If X is an M-tree, then we check easily that the unique point m £ X such 
that [xi,X2] n [xi,a;3] = [a;i,m] is the point xq wanted. If X is the hyper- 
bolic plane equipped with a proportional metric to d^2 , then the function 
X I— > d{x, xi) + d{x, X2) + d{x, X3) is convex, proper, hence achieves a minimum. 
And the CAT{0) inequality implies that this function cannot be constant on 
any non degenerate segment, hence this minimum is unique. Moreover, this 
convex function depends continuously on xi, X2 and X3, hence its unique min- 
imum also depends continuously on xi, X2 and X3. □ 



Remark 3.12 In the Euclidean plane M^, the point xq is called the Fermat 
point of the triangle A(xi,X2,X3). If this triangle has angles smaller than —, 
then this point coincides with the Torricelli point, which, in that case, sees 
every edge of the triangle under an angle equal to — (see e.g. \Fre9(^ ). 
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Let A > 0. We denote by V{A) C X'^ the set of {xi,X2,X3) € such 
that for every permutation k) of (1, 2, 3), we have d{xi,Xj) + d{xj,Xk) — 
d{xi,Xk) > 2A. 

Lemma 3.13 There exists a universal constant Cq > such that for all 
{xi,X2,X3) £ V{Co5{X)), we have xq {xi, X2, x^} , where xq is as in the 
lemma \3.11{ 

Proof 

The proof in the case when X is an M-tree follows from the same obser- 
vation as in the proof of lemma 13.111 In that case, any Cq > satisfies 

the lemma. Now, suppose that X = {M?,d^2). First notice that if all the 

vr 

angles of a non degenerate triangle A(xi,X2,X3) are strictly lower than — , 
then xq {xi, a;2, a^s}. Indeed, suppose that the angle at xi is smaller than 

TT 

— . Then, for some x'^ G [xijXs], such that ^ xi, the orthogonal pro- 
jection p{x'^) of X3 on the geodesic {xi^X2) is strictly between xi and X2- 
Then d{xi,p{x'^)) + d{x2.,p{x'^)) + d{x^,p{x'^)) < d{xi,X2) + d{xi,X3), so that 
Xq 7^ xi. Similarly xq ^ {x2,X3}. Now, we shall prove that the condition 
(xi,X2,X3) £ V{A), for A large enough, implies that all the angles of the tri- 
angle A{xi, X2, X3) are lower than — . Consider Poincare's disk model of H^, 

and let a be the centre of the disk. Let ui,U2 be two points of dM."^, such that 

vr 

the measure of the angle uiau2 is equal to — . Let A be the hyperbolic distance 

between a and the geodesic {U1U2) (explicit computation yields A = ^InS, see 
e.g. |CDP89j . lemme 4.1). Now suppose that in the triangle A(3;i, X2, X3), 

TT 

the angle at xi is greater or equal to — . Then d{xi, [x2,X3]) < A, and this 
implies that d{xi,X2) +d{xi,X3) — d{x2, x^) < 2A, so that (xi, X2, X3) V{A). 
It follows that Co = T — = o, ^ AT^ satisfies the lemma, in the case when 

0JJ2 2ln(l + V2) 

X = (lH2,(ie2). Finally, in the case when X is the hyperbolic plane equipped 

with a proportional metric to ^7-, the preceding arguments prove the lemma, 

d 

with the same constant Cq. □ 

In the sequel, Cq will be the constant that has been explicited in the proof of 
lemma [3. 131 By choosing another equivalent definition of the (5-hyperbolicity 
in the sense of Gromov and by considering, for instance, the real number 
^ = ^ln3 as the hyperbolicity constant of H^, we would have got Cq = 1. 
Therefore, the value of Cq does not have any deep meaning here. 

Now define a set C/ C X^, as follows: we say that (xi, X2, X3, 2/1,2/212/3) U 
if there exist i,j G {1,2,3}, i ^ j, and rays r^, rj issued from Xj, Xj and 
passing through yi, yj respectively, such that r^, rj represent the same point 
of dooX, or end at the same end point of T, in the case when T is a tree 
(heuristically, (xi,...,2/3) G U if the oriented segments [xi,yi] point three 
distinct directions). This implies, in particular, that Xj 7^ yi, for all i. If 
X = lf, then there is a unique ray (up to parametrization) issued from Xj 
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and passing through y,; the condition (xi, ... ,2/3) G U expresses the fact that 
the ends of these three rays are three distinct points of dM?. In the case of an 
M-tree, we can also give the following equivalent condition: 

Lemma 3.14 Let X he an M-tree. Then (xi, . . . ,1/3) £ U if and only if for 
every i G {1,2,3}, the points Xi, yi+i and yi+2 (we are using here a cyclic 
notation for the indices) are in the same connected component of X \ {Vi}- 

Proof 

We first check that (xi, . . . , 1/3) G U implies that yi, 7/2 and 7/3 are not aligned. 
Suppose that yi, 2/2 and 1/3 are three points pairwise distinct, and are aligned 
(the case when some of them coincide is treated similarly). For instance, take 
2/2 £ [yi, Us]- If xi,X3 are in the same connected component of X \ {yi, 2/3} as 
2/2) and if X2 is not in the same connected component as yi then there exist 
rays ri, r^ issued from xi, X2 and passing through yi, 7/2 respectively, such that 
T2 passes through yi, and such that ri, r2 are identical after their passage at 
yi. The point X2 cannot be in several connected components at the same time 
so in that case we have (xi, . . . , 2/3) ^ U . Suppose then that xi and y2 are in 
two distinct components of X \ {yi}. Then in order to have (xi, . . . , y^) G U , 
the point X3 cannot be in the same connected component of X \ {2/3} as yi. 
As in the preceding case, we cannot place the point X2, once again, so that 
(xi, ... ,^3) is in U. 

In order to have (xi, . . . , y^) G C/ it is necessary that yi, y2, ys form a non 
degenerate tripod. If, for instance, xi and y2, y3 are in two distinct connected 
components of X \ {yi}, then: either X2 is in the same component as X \ {y2} 
as yi, y3 and in that case we construct rays ri, r2 both passing though y2 and 
identical after their passage at y2; either X2 is in another connected component 
of X\{?/2} as yi, ys and then we construct rays ri, r^ which are identical after 
their passage at y3. The only remaining case is when for every z, Xj is in the 
same connected component of X \ {yi} as yi,y2 and in that case, regardless 
to the three rays rj issued from Xj and passing through yj, the three rays ri, 
r2 and r^ leave the tripod at the respective vertices yi, y2, y3 and cannot go 
towards a same end (or end point) of dooX. □ 

Lemma 3.15 If (xi, . . . ,y^) G U and if ri,r'- are rays issued from Xj and 
passing through y^, then o(ri,r2,r3) = o{r'^,r'2,r'.^). 

We write o(xi, . . . , y3) = o(ri, r2, r^) in that case. 
Proof 

We have Xj 7^ yj so in the case when X = H^, there exists a unique ray 
ri issued from Xj and passing through y^. Now suppose that X is a fat M- 
tree. By lemma [3.14| yi, y2 and y3 are not aligned; let then yo be such 
that [yi,y2] n [yi,y3] = [?/i,yo]- Then y^m^ys define three distinct germs 
of rays issued from yo. Still by lemma [3.141 the condition (xi, . . . ,y3) G U 
implies that for every i, Xj lies in the connected component of X \ {yi} con- 
taining yo. In particular, every ray r issued from Xj and passing through y^ 
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defines a unique ray issued from yo and passing through yf. it is the ray join- 
ing Ho to Hi, and which then continues as the ray r. Therefore, the equahty 
o{ri,r2,r3) = o{r[,r2,r'^) follows from the coherence condition on the order o 
of the fat M-tree we are considering. □ 



Lemma 3.16 The function o: U ^ 1} thereby defined is continuous. 
Proof 

li X = H^, it is immediate that the function \ A ^ dX (where A is the di- 
agonal) sending (x, y) on the end of the ray issued from x and passing through 
y is continuous (where dX = is equipped with the usual topology), and 
hence o: U ^ 1} is simply the composition of two continuous functions. 
In the case when X is a fat M-tree, the proof is similar to that of the preceding 
lemma. □ 



Lemma 3.17 Let xi, . . . ,y3 such that for every i G {1, 2, 3}, we have J2j d{xi, yj 
J2jd{yi,yj)- Then {xi,...,y3,) €U. 

Proof 

First suppose that X is an M-tree. By lemma [3.14|, if (xi, . . . , ys) ^ U, then for 
some i, either Xi is not in the same component of X \ {yi} as yj+i and yi+2, 
and in that case ^jd{xi,yj) = ^jd{yi,yj) + 3d{xi,yi) > J2jd{yi,yj), either 
yi lies in the segment [yi+i, yi+2] and then y^ realizes the minimum, in X, of the 
function x ^ d{x, yi) + d{x, ^2) + d{x, ys), so that d{xi,yj) > Yjj d{yi,yj)- 
Now consider the case when X is the hyperbolic plane, and suppose that 
Xi 7^ yi for every i, and that (xi,...,y3) U. Suppose, for instance, that 
the rays [xi,yi) and [x2,y2) have the same end. Suppose also, by contradic- 
tion, that J2jd{xi,yj) < Yjd{yi,yj). Then d{xi,yi) + d{xi,y2) +d{xi,y3) < 
d{yi,y2) + d{yi,y3) hence d{xi,y2) < d{yi,y2), and, similarly, d{x2,yi) < 
d{yi,y2)- Since these inequalities are strict, we can move slightly the point X2 
so that the rays [xi,yi) and [x2,y2) intersect at some point a G H^, without 
losing these inequalities. By putting a at the centre of Poincare's disk model of 
H^, we see that the condition d{xi,y2) < d{yi,y2) implies d{a,yi) < d{a,y2). 
Indeed, 7/2 is closer to xi than to yi, hence 2/2 lies in the hyperbolic half-plane 
determined by the mediator of the segment [3:1,2/1] which does not contain a, 
and this half-plane does not meet the ball B{a,d{a,yi)). Similarly, we have 
d{a,y2) < d{a,yi), hence a contradiction. □ 

In particular, if (xi, X2, ^3) G V{Co5{X)) and if xq realizes the minimum of 
the function x ^ d{x, xi)+d{x, X2)+d{x, X3), then we have (xq, xq, xq, xi, X2, X3) 
U. We set o(xi,X2,X3) = o(xo, • • • ,X3) in that case. 

Remark 3.18 Let yi,y2,y3 G X. The hypotheses of lemma \3.17\ being convex 
conditions on xi, X2 and X3, they define convex subsets of X. In particular, 
by lemma\37M if (yi,y2,y3) e V{Cq5{X)) and if for every i G {1,2,3}, 
Y.jd{xi,yj) < J2jd{yi,yj), then we have o(xi,...,y3) =0(2/1,^2,^3)- 
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Remark 3.19 Suppose that the spaces X and X' are the hyperbolic plane 
(equipped with a proportional distance to the usual distance) or an M.-tree, and 
let xi, X2, xs £ X, x'i,X2,x'^ £ X' . Suppose that {xi,X2,X3) G V{Co{5{X) + 
a) + b), \S{X) - d{X')\ < El, and \d{xi,Xj) - d{x'i,x'j)\ < 2e2 for all i,j e 
{1,2,3}. Then we have (x'^, x'2, x'3) G V{Co{5{X') + a - ei) + b - 3e2). 

Let {p, X, o), {p',X', a') G m^(2)uT°(r), and let e > 0, K = {xi, . . . ,Xp} C 
X, and let P be any finite subset of T. Suppose that {p' ,X') £ U'xe piP^-^)- 
Tliis means (see section [2.2.ip that there exists a collection K' = {x'l, . . . , x'p} C 
X' such that for every g,h £ P, and every i,j £ {1, . . . ,p} we have 

\d{p{g)-x„p{h)-xj)-d'{p'{g)-x',,p'{h)-x'j)\<eet \6{X)-6{X')\ < e. 

Definition 3.20 If o{xi,Xj,Xk) = o{x[,x'j,x'^) for every i,j,k £ {l,...,p} 
such that (xi, Xj, Xk) £ V {Cq{5{X) + e) + 3e), we say that K and K' come in 
the same order. 

Note that if (xi,a;j,Xfc) £ y(Co((5(X)+e)+3e), then (x'^, x^-, x'^) £ V{Cq5{X')) 
and hence o(x'j, x^, x'^) is well-defined, so that definition 13.201 makes sense. 

3.2.3 Oriented equivariant Gromov topology 

Let {p,X) £ ml{2)uT°{T), let e > 0, K = {xi,...,Xp} C X and let P be a 
finite subset of T. We denote by U'l^ ^ p{p, X) the set consisting of the {p' ,X') £ 
mp(2) U T°(r) such that there exists a collection K' = {x'l, . . . , x'p} C X' such 
that for every g,h £ P, and every i,j £ {1, ■ ■ ■ ,p} we have 

\d{p{g) ■ Xj, p{h) ■ Xj) — d'{p'{g) ■ x'^, p{h) ■ Xj)\ < e et \6{X) — 6{X')\ < e, 

and such that K and K' come in the same order. 

Proposition 3.21 The sets U'^ ^ p{p, X) form the basis of open sets of some 
topology; we call it the oriented equivariant Gromov topology. 

Proof 

Of course, we always have {p,X) £ U'^ ^ p{p, X). Hence, we need only check 
that if {p,X) £ U'l^^^^^p^{pi,Xi) n U'l^^^^^p^{p2,X2) then, for some K, p>{) 
and P we have U'^^^^^p{p, X) C C/](:,,,„pj (pi, ^i) n U'l^^^^^ p^{p2,X2). It is just 
a technical verification. Denote Ki = {a'^^, . . . , a'„^} and K2 = {b'l, . . . ,b'^^} . 
Then there exists a finite collection K = {oi, . . . , , 61, . . . , ^^j} C X such 
that: 

Vi,i < ni,V7i,72 £ Pu\dx{p{li)-ai, p{l2)-aj)-dx^{pi{li)-a'i, pi{-i2)-a'j)\ < ei, 

\5{X) — 5{Xi)\ < ei, and such that oxi (a'j, Oj, Q^) = ox{ai-,aj^ak) for every 
i, j,/c such that (a-,a^-,a'^) £ V{Co{5{Xi)+£i)+2,ei); similarly o^i fc^, 6'^) = 
ox{bi,bj,bk) for every i,j,k such that (6-, 6^ , 6'^) £ V{Co{5{Xi) + ei) + 3ei). 
Since all these finitely many inequalities are strict, they can all be refined 
simultaneously by some p > 0. In other words, 

|rfx(p(7i) • ai,p(72) • cLj) - dxi(/3i(7i) • «i,Pi(72) • a'j)\ < ei - //, (6) 
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\6{X) - 6{X^)\ < ei - fi, (7) 
and the condition ox^ (a'j, a'j, a'^) = ox(aj, «j, Ofc) is verified for all 

ia'„a'j,a'k) £ y(Co(5(Xi) + ei + ^) + 3ei + 3/x). (8) 

Now, take {p" ,X") G U'^ ^ p_^^p^{p, X). Then in particular, for every i,j < rii 
and every 71 , 72 G A , 

|dx"(/(7i) • a-',p"(72) • a") - dx(p(7i) • ^i, pM ■ aj)\ < /x, (9) 

\6{X) — 5{X")\ < /i, and for every i,j,k such that {ai,aj,ak) € V{Co{5{X) + 
jj) + 3/i), oxiai,CLj,ak) = ox"{a'l ,aj,a'l.). Now, the conditions ([6]) and (l9|) 
imply that for every i,j < ni and every 71,72 G -Pi, 

\dx"{p"{li) ■ a{,p"{j2) ■ a'-) - dxi(pi(7i) • 0^,^1(72) • a'j)\ < ei, 
and, by remark [3. 191 the conditions ([6]), ([7]) and ([8]) imply that 

(oi, aj,ak) G y(Co(5(X) + 2^) + ^ei + ^/i) C V{Co{6{X) + p) + 3p), 

so that ox"ia'l,aj,a'l) = oxiai,aj,ak) = (a^, a^-, In that way we get 
{p",X") G U'^^^^^^p^{p,,Xi), and, similarly, {p",X") G [/;^^,,^,p^(p2, ^2). □ 



Proposition 3.22 The oriented equivariant Gromov topology coincides with 
the usual topology on mp(2). 

Proof 

It is the same proof as the one of F. Paulin's proposition 6.2 in [PauBS] , with 
minor modifications. In that proof (recalled here, as proposition I2.16p . the 
only difference is that the isometry (f) of 12.171 is now an orientation-preserving 
isometry. □ 



Of course, we denote by m^{2) the closure of mp(2) in the space mp(2) U 
T°(r), equipped with the oriented equivariant Gromov topology. 
We also write mp = mp(2) and mp = mp(2). 

3.2.4 The space is compact 

Denote by vr : rrip the natural function consisting in forgetting the 

orientation. 

Proposition 3.23 The map vr is continuous, and its fibres are compact Haus- 
dorff. 

Proof 

First, the continuity of vr follows directly from the definition of these two 
topologies. 
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Now, let {p,T) £ TTT-p. If T is H^, then the fibre iT~^{p,T) has cardinal 2 
in the Hausdorff space mp (by theorem I2.5P , hence it is compact Hausdorff . 
Suppose now that T is an R-tree. By definition, the set 7r~^{p, T) is a subset of 
Ot- By definition of the sets U'J^ ^ p{p,T), the induced topology on ■K~^{p,T) 
in Ot coincides with the oriented equivariant Gromov topology (in each of 
these topologies, open sets are defined by equalities of o on finite subsets of 
Trip{T)). 

We shall notice now that mp is Hausdorff. Indeed, if (p, X, o) and {p' , X' ,o') 
are distinct and are not separated by open sets, then 6{X) = 6{X'). The open 
set mp being Hausdorff, this means that X and X' are fat M-trees. Since 
the map vr: mp mp is continuous, this implies that these two spaces differ 
only by the orientation: but by definition of the oriented equivariant Gromov 
topology, there are two open sets separating {p,X,o) and {p',X',o'). 

Consequently, we need only prove that 7r^^(p, T) is closed in Ot- Let -E^ 
be the set of orders o: (dT)^ — > {—1, 0, 1} which satisfy the hypotheses of def- 
inition ETjQl and which are invariant by p. These are closed conditions, hence 
E'r^, is closed in /(Ot). By definition, Ell C T°(r), and r°(r) is closed 

in T°(r), hence -K~^{p,T) is closed in El^. It follows that ■K'^^{p,T) is closed 
in a compact Hausdorff space, hence it is compact. □ 

Theorem 3.24 The space mp, equipped with the function mp ^ mp, is a 
natural compactification ofm^. 

Here again, after |Pau04j . by "natural", we mean that the action of Out(T) 
on mp extends continuously to an action of Out{T) on mp. 
Proof 

Since mp is open and dense in mp and since, by definition of the oriented 
equivariant Gromov topology, the action of Out{T) on mp is continuous, it 
suffices to prove that the space is compact Hausdorff. We have already 
seen that mp is Hausdorff, and by the definition of compacity in terms of 
ultrafilters (see e.g. |Bou71j , page 59) , we need only prove that every ultrafilter 
in m° converges. 

Let Lo be an ultrafilter in mp. Then the image of the ultrafilter vr(u;) is an 
ultrafilter in the compact space mp (see e.g. [BouTlj . proposition 10, page 41) 
hence it converges to some action (poo -^oo) £ '^r- If -^oo = H^, then it follows 
from proposition 13.221 that X is equipped with an orientation, compatible with 
the convergence of the ultrafilter. We need only prove that if X^o is an M-tree 
(denote (p, T) = {poo,Xoo) in that case) then there exists a coherent order 
o: {dcx)T)^ — > {—1,0, 1} which verifies the hypotheses of definition 12.201 which 
is invariant under the action of F, and such that {p,T), equipped with this 
order, is indeed the limit, in mp, of the ultrafilter u. 

Consider an increasing sequence C T of finite, closed subtrees of T, such 
that I^Tfc = T. Suppose for simplicity that Ti is a singleton {xq}. For all 

k 

k > 1, N > 0, denote by F^^jy the finite collection of elements of T^, consisting 
of all the end points of T^, as well as all the points of whose distance to 
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xq is a multiple of Since the ultrafilter 7t{uj) converges to {p,T), for all 
k, N and e > 0, and for every finite subset P of T, for all M € uj, there exists 
{pM, Xm,om) £ M such that {pm,Xm) G at e p(/'' there exists a 
P-equivariant e-approximation between F^^n and some finite collection Km 
in Xm, for some {pm,Xm,om) £ For all M € w, denote by Ok^N,e,P,M 
the set of functions o G Ot such that there exists such an approximation, and 

such that for every xi,X2,X3 G F^^n with {xi,X2,xs) G V ( {Co + 3e) + 



2N 

and for all corresponding x'i,x'2,x'^ G Km, we have o{Trip{xi,X2,X3)) = 
OMix'i, X2, x'^) (note that this is indeed well defined, thanks to remark [3 .IHp . 
We cut the end of the proof into the two following lemmas: 

Lemma 3.25 For every k, N, e, P finite subset of T and every M £ iv, the 
set Ok,N,£,p,M is closed, and non empty. Moreover, if k > k' , N > N' , e < e' , 
P' C P and M C M' , then Ok^N,e,P,M C Ok\N',e',P',M' ■ 

By compacity of E'j,, it follows that |^ Ok^N,£,p,M / 0- 

k,N,£,P,M 

Lemma 3.26 Let o G ^ Ok,N,e,P,M- Then satisfies the conditions of 

k,N,£,P,M 

definition \2.2(A Hence, defines a coherent total cyclic order. Moreover, it 
is invariant under the action ofV, and the element {p,T), equipped with the 
orientation o, is the limit, in m^, of the ultrafilter to. 

□ 

Proof of lemma 13.251 

It follows from the definition that Ok,N,e,P,M C Ok'N' e'P'M' 

iik > k' 

s < s', M C M' and P' C P. 

The hypotheses concern only Trip(Tk), which is a finite subset of Trip{T), 
and hence Ok^N,e,P,M is closed. We need to prove that it is also non empty. Up 
to restricting ourselves to a subset of it, we may suppose that e is small enough 
and that is large enough so that for every triple ui,U2, of non aligned 

1 



branch points of T^, we have (111,^2,^3) G V y{Co + 3)e + j . Choose 

a (non-oriented) e-approximation between -E^. tv and Km C Xm (such an 
approximation exists, since 7r(u;) converges to {p,T) in m^). For each tri- 
pod Trip{ao, ai, a2, as) G Trip{Tk) (where ao is the center of the tripod), the 
only obstruction to defining o{Trip{ao, 01,02,03)) G {—1, 1} according to Km, 
would be that there exist two representants (oq, ai, 02, 03) and (oq, 62, ^3) of 
this same class of tripods, such that the triples (ai, 02, 03) and {b'l, h'2, h'^) are in 

V ^(Co + 3)e + , and such that 0x^(01, 4, Og) = 1 = -ox„(6i, ^2, 63)- 
Hence we need to prove that this is impossible. The condition {ui,U2,U3) G 

V UCo + 3)e + ^ j for ah the non aligned branched points of T^, implies 
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that it is possible to go from the triple (01,02,03) to the triple (fci,&25&3) by 
a sequence of moves consisting of replacing ai, 02 or 03 by one of its close 

1 



neighbours in T^, without leaving V y{Co + S)e + j . In particular, we 
may suppose that (61,62,^3) = (fti,«2,«3) and dT{ai,bi) < This im- 

plies that ^1) < £ + -^N- Take a'{t) G [a\,h']\, with a'(0) = a'^ and 

a'(l) = b'l. Then, for all t £ [0,1], and every permutation {i,j,k) of (1,2,3), 
we have a!(a>;.) + d{a'j,a'f^) - o!(a'„ a'J > 2 (^(Cq + 3)e + -L^ _ 3^ _ , 

so that for all t S [0,1], we have (a' (t), 02, 03) € y(Co5(X)). It follows from 
the continuity of the order (and more precisely, from lemmas 13.111 and I3.16P 
that oxm (a'l , 4 , 03) = oxm {b'l , 4 > «3) • ^ 

Proof of lemma 13.261 

It follows from the definitions of the sets Ok,N,e,P,M that the order o : 
{dooTY 1} indeed defines an orientation, i.e., it is coherent, and 

satisfies the first two conditions of definition 12.201 The third condition, as 
well as the invariance of o under the action of F, are proved by considering 
a big enough subtree of T containing the desired branched points, and 
by deriving the properties of o from the corresponding properties for om, 
which are supposed to be true since {pm,Xm,om) G As an example 

we prove that o satisfies the third condition of definition 12.201 the proof of 
the invariance of o under T is similar. Let xi,X2,X3,X4 E dooT be such that 
o{xi,X2,X3) = o(xi,X3,X4) = 1; we want to prove that o{xi,X2,X4) = 1. Let 
k and N be sufficiently large so that contains five points ao, ai, 02, 03, 04 S 
Fk,N such that every triple i,j,k of distinct elements of {1,2,3,4}, we have 
{ao,ao,ao,ai,aj,ak) G U m T^, and such that for all i G {1,2,3,4}, the ray 
issued from gq and passing through Xi also passes through ai, and such that 
oo € Conf (oi, 02, 03, 04) (such points indeed exist in T). Then, for all e- 
approximation between F^^n and Km C Xm, with e small enough, we have 
(a'o, a'o, a'o, a[, a'j, a'^) £ U in Xm, and then the equality o(xi, X2, X4) = 1 indeed 
follows from the fact that o„ satisfies the third condition of definition 12.201 

Now, for ah M £ we have U'^^ p{p,T,o) n M / (for ah e' such 

that (Co + 3)e < (Co + 3)e' + ^)- This means, by definition, that the point 

{p,T,o) G m° is adherent to the filter w, and since uj is an ultrafilter this 
implies that lo converges to {p,T,o). □ 



Corollary 3.27 The map tt: mp — > rrip is onto. 
Proof 

Of course, — > mp is onto. Now, let T S 9mp, and pn G be such that 
7r{pn) converges to T. Then p possesses a subsequence converging to some poo, 
and by continuity of it we have vr(/3oo) = T. □ 
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Remark 3.28 It is possible to write this proof without using ultrafilters (see 
IWolOT^ ), and to prove the sequential compactness first (by considering a se- 
quence instead of an ultrafilter on m°), and then to prove the compactness of 
m° by using elementary general topology. 

3.2.5 The space m° possesses 4g — 3 connected components 

We are now going to focus on the case when T = vriSg. We denote Tg = 
T(7ri$]g), and T° = T{TTiT,g)°. If {p,T) £ T°, the set dooT is equipped with 
a total cychc order, preserved by the action of vriS, and hence it possesses an 
Euler class, as defined in section [231 Notice that if T is a line, then it follows 
from the definition of the Euler class that e{p,T) = 0. 

Theorem 3.29 The Euler class e : m° U T° — > Z is a continuous function. 

This proof will use the technical statements established in section 12.31 
which imply that we need only finitely many information about the order in 
order to compute the Euler class of a representation. We will be using here 
the notations introduced in that section. 
Proof 

First, the set m° = {{p^X)\6{X) ^ 0} is open in m° ^Tg, and it follows from 
the formula ([T]), in section P2.3.4t that e is continuous on m°. 

Now take an element (py, T) G m°^m°g. We shall prove that there exists a 
neighbourhood of T, in the sense of the oriented equivariant Gromov topology, 
consisting only in representations of the same Euler class as T. First suppose 
that T is not reduced to a line, so that it has at least three ends (in that case, 
T possesses infinitely many ends). Take x,y £ dooT, such that x Pref • y- 
We may suppose that Card{Pref • y) > 2; otherwise vriS^ would fix every end 
of T, and, by minimality, T would be a point or a line. 

Every triple {a, b, c} of pairwise distinct elements of Pref • {x, y} determines 
a unique class of tripods in T; we will denote by Pabc the centre of this tripod. 
Let Ki be the convex hull 

Ki = Hull ^Pabc I (a, b, c) G {Pref ■ {x, y}f , Card{a, 6, c} = 3| . 

Put dx = max{(i(p, 7p) \p £ i^i,7 £ Pref} and let dxi be the diameter of 
Ki. Also, for every non degenerate triple {o, 6, c} C Pref ■ {2^, 2/}, let P^^,^ C 
(a, b) n (o, c) be such that d{P^^^^., Pabc) = L, with L > ddx + Sdxi , and let K2 
be the convex hull 

K2 = i^u// |p„"fej(a,6,c) £ {Pref ■ {x,y}f ,Card{a,b,c} = 3}. 
Finally, fix a point po £ Ki. 
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Let a{x) = ll [p, x) . This is the "closest point to x" in K2. And let b{x) 

be the projection of a{x) on Ki. We define a{y) and b{y) similarly. We put 

K = {po,a{x),b{x),a{y),b(y)} and we consider {p,X) £ {pt,T). 

We shall prove that (pT, T) and (p, X) have the same Euler class, by applying 
proposition 12.361 In the space X, denote by pQ,a'{y),b'{y),a'{x),b'{x) the 
corresponding points. Denote by x' £ dooX the end of some ray [b' (x) , a' (x)) 
and by y' £ dooX the end of some ray [b' (y) , a' (y)) (chosen arbitrarily, in the 
case of an M-tree). 

Let 71,72,73 £ Pref be such that o(7ix, 72X, 73?/) = 1. We want to prove 
that o(7ix', 72x', 73?/') = 1. For this, we shall prove the three following equal- 
ities: 

o(7ix,72X,73y) = o(7ia(x), 72a(x), 730(2/)), (10) 

o{^ix',-f2x',yiy') = o(7ia'(x),72a'(x),73a'(y)), (11) 

o(7ia(x),72a(x),73a(y)) = 0(710 (x), 72a (x), 73a'(y)). (12) 

We can check that for every 7 £ Pref, L — < d{ja{y),Ki) < L + dx, and 
the centre of the tripod determined by 7io(x), 72a(x) and 73a(y) lies in Ki, 
hence 

(7ia(x),72a(x),73a(y)) £ V{8dT + MKr) C F(dr), 

so that all the terms of the equations ([TO]) . (fTT]) and (fT2|l are well-defined, 
and equation (fT^ holds. Put pi = 7ia(x), p[ = 7io'(x), . . . , = 730(1/), 
P's = 73a' (y)- Then dx{Po,p'i) < dx^ + L + dr + ^j^, and dx{Pi,p'j) > 
2L-2dT - cfe, so that for every i £ {1, 2, 3}, dxiPo,p'j) < dxiPi,p'j). 
These inequalities are even finer in T, and by lemma 13.171 and remark 13.181 
the equalities (flO]) and (fTTIl hold. Similarly, if 71,72,73 £ Pref are such that 
0(712;, 722/, 732/) 7^ then 0(71 x', 72?/', 73?/') = o(7ix, 72?/, 73?/), so that the 
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conditions of proposition 12 . 36l are satisfied. This finislies the proof, in the case 
when T is not a hne. 

Now, suppose that T is a hne. We want to prove that there exists a 
neighbourhood of T consisting only in representations of Euler class zero. For 
simplicity we will prove the following: 

Lemma 3.30 There exists a neighbourhood V' ofT in which every fat M-tree 
has Euler class zero. 

This lemma implies the theorem, for the following reason. For all A: 7^ such 
that \k\ < 2g — 2, denote hy L C T" the set of actions on lines, and denote 
by Ffc C L the set of actions on lines {p, T) such that every neighbourhood 
of (p, T) contains representations of Euler class k. By lemma 13. 30^ we have 
F). = L f\ m° ^. Hence, F^, is a closed subset of dm° (indeed, L is a closed 
set, as, by definition of the topology, it is an open condition to contain a 
non degenerate tripod). Now, let (p, T) e F^. By lemma [3.301 (/), T) has a 
neighbourhood V C T" U m° in which every fat R-tree has Euler class 0. Put 
V = V (~\dm° j^. It is an open subset of dm° ^. If there was a tree (p', T') G V 
not reduced to a line, then by the preceding argument, {p',T') has a neigh- 
bourhood consisting of actions (on hyperbolic planes or on trees) of Euler 
class 0, which is a contradiction since {p',T') £ Hence, V consists of 

actions on lines, i.e., Fk is open in dm" j^. By proposition 13. 2[ the space m° 
is one-ended, hence 5m° ^ is connected. And we can prove easily that dm° ^ 
contains actions not reduced to a line, hence Fk 7^ dm^ j^. Whence, Fk = 0, 
for all k ^ 0. In other words, every action on a line has a neighbourhood 
consisting of actions of Euler class 0; this finishes the proof of theorem 13.291 
□ 

Proof of lemma 13.301 

Up to add some elements, we shall suppose here that the set P^ef contains S 
and that it is symmetric. Let (p, T) be a line, such that min maxd{xQ,^-xo) = 

1. Consider some point xq £ T as in the equality above. Let di be the 
greatest distance between xq and 7x0, for every 7 G Pref- Consider points 
xi, X2, yi, y2 of T such that Xi, yi are on the same side of xq, such that 
d{xo,yi) = di + 4 and d{xo,Xi) = 2di + 6. Let K be the finite subset of 
T consisting of xi, X2, yi, y2 and Pref ■ xq. Let {p',X') £17''^ {p,T), 

we shall prove that e{p',T') = 0. If T' is a line, then there is nothing to 
do. Otherwise, for every point p'^ £ K' approximating denote by p'l its 
projection on the segment [x'^,X2]. This defines a new approximation, which 
realizes {p' ,T') as an element of U'^ ^ (p, T), and such that K" is contained 

' ' re/ 

in a segment. Let r be the end of a ray issued from Xq and which leaves the 
segment [x'j^, X2] at a point po at distance at most 2 of Xq (such a ray does exist, 
since maxd(xo,7 • Xq) < 2). For every 7 £ Pref, d(7 • Po-,x'q) < di + 3, and 

hence the segment [x'^, X2] nffu//(Pre/ ■Po) is contained (strictly, on each side), 
in the segment [y'/,y2]. Similarly, for every 7 £ Pref, [Vi-iV'-i] ^ [t " 2^i)7 ' ^2]- 
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For i = 1,2, let Ui be the set of ends of rays issued from Xq and passing 
through x'^, and let U2 be the set of ends of rays issued from Xq and passing 
through y'- . Then Pj-e/ sends Ui U C/2 on a subset of U[ U Then it follows 
from the coherence condition on the order on T' that for all x G U[, y G U2, 
o{r,x,y) £ {—1, 1} is constant. Suppose for instance that o{r,x,y) = 1 for all 
x £ U[, y £ 1/2- Thus, for every 7 G Pref, the situation is the following. 

• If 7 sends C/i on a subset of U[ , and C/2 on a subset of U2 (or, equivalently, 
if p{'~f) preserves the orientation of T), then o^j-r, x,y) = 1 for all x £ U[, 
y £ U2- Denote by A the set of these ends 7 • r. 

• If 7 sends Ui on a subset of U2, and U2 on a subset of U{ (or, equivalently, 
if/o(7) reverses the orientation of T), then o(7-r, X, y) = — Iforallx £ U[, 
y £ U2. Denote by B the set of such ends 7 • r. 

Now equip the set {a, ui, b, U2} with the cyclic order in which we wrote them 
here. Denote by h the order-preserving bijection which exchanges a and b and 
exchanges ui and U2- Then we can consider the action vriSg — > {l,h} on this 
ordered set, defined as follows: if 7 G '^I'^g preserves the orientation of the 
line T then we send it to 1, otherwise we send it to h. Of course, this action 
has Euler class zero, and now it follows from proposition 12.361 which applies 
here, that e(p',r') = 0. □ 

3.3 Degeneracy of the non oriented compactification 
3.3.1 Non-orientable M-trees 

Now we are going to prove that the existence of an orientation, on an M-tree, 
preserved by the action of the group, is indeed a restrictive condition. More 
precisely: 

Proposition 3.31 Let g > 3. Then the inclusion drn^{2) C 9mJ^(3) is strict. 
Proof 

Of course, every isometric embedding of into gives rise to an embedding 
m^(2) C fn^{'3>) and it follows that dm'^{2) C f?mg(3). In order to prove that 
this inclusion is strict, we shall prove that there exists an element {T,poo) £ 
dmg(3) such that no orientation on T is preserved by poo- Since the map 
tt: ?n°(2) — > m^(2) is onto, this implies that (T, poo) dm'^{2). 

Consider the realization of vriS2 as a Fuchsian group acting on with 
a fundamental domain as symmetric as possible, that is, a regular octagon. 



64 




Denote by /9o(ai), • • • ,Po(^2) G PSL{2,M.) the hyperbolic isometries suggested 
in the above picture. The element ai = po(«r^^r^^2fe2) is hyperbolic, of axis 
(x, y) represented above (indeed, cti ■ x = y, and if is a unit tangent vector 
at X pointing towards y, the angles of u and of its successive images with the 
edges of the octagon enable to check that the image of u is again a vector 
whose direction is the one of the axis (x, y), pointing in the opposite direction 
of x). Note that a\ is represented by a non separating simple closed curve on 
the surface S2 (in order to check that this curve is non separating, wc can sec 
for instance that the isometry po{ai) identifies two points of the boundary of 
the fundamental domain represented by the above picture; these two points 
are in the two different sides of the axis of a\\ in other words: the axis of po(oi) 
determines a simple closed curve on the surface, which intersects exactly once, 
transversely, the axis of ai, hence this axis defines a non separating curve). 
Thus, we can complete it into (ai, q;2, 132) represented by a system of curves 
on S2, with q;i,^i,Q!2,/?2 € Poii^i^^)- Define then 7rii;2 — >■ PiS'L(2,M) by 
the formulas Pni^i) = Oj, Pn(^2) = 1^2, Pn{b\) = for all n > 1. Then p„ 

is faithful and discrete, and, as subgroups of ^5*^(2,1^), wc have Im{pn) = 
Im(po). Since po is purely hyperbolic (i.e., every element of 7riS2 \ {1} is 
sent to a hyperbolic element), the elements ai,/?i G Hyp do not share any 
fixed points on dM.'^. Hence Tr(/3ia]*) — >■ +00 as n — >■ +00. Now denote 
by S* G /som(EI^) the inversion with respect to the axis {x,y) (that is, the 
reflection whose axis is the one of ai). 

We now define hn'- TTiSp — > Isom'^{Il^), for every 3 > 3, as follows. 
Consider an isometric embedding i: ^ H^; this determines an injection 
PSL{2,R) ^ Isom+{m^). Every reflection in can then be realized as a 
rotation in H^, and we denote again by ai, 02, P2 and S the correspond- 
ing elements of I som'^ (M^) . We put hn{ai) = Pniii) and hn{bi) = Pnih) for 
i = 1,2, and we put hn{ai) = hn{hi) = S ioi S < i < g. 
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We then have £ ^^(3), and /in, (61) is a hyperbohc element whose trans- 
lation distance tends to +00 as n — > +00, so that lim d{hn) = +00; hence 

there exists an accumulation point (T, /iqo) £ 9mJ^(3) of this sequence of rep- 
resentations. We claim that no orientation on T is preserved by poo- In order 
to prove this, it suffices to find a non degenerate tripod Trip{a, b, c, d) C T, 
with central point a, and an element 7 G ttiS^, such that 7(a) = a, 7(6) = 6, 
7(c) = d and 7(d) = c. 

Note that \i A,B G Hyp do not have any common fixed points in dM?^ 
then the attractive fixed point of AB^ , as n +00, converges to the one 
of B, whereas the repulsive fixed point of AS" converges to the preimage, 
by A, of the one of B. Hence, the axis of Pn(bi) converges to some fixed 
geodesic line in H^. Since the images Pn{l) of the other generators 7 G 
{ai, 02, 621 • • • , «gj bg] are fixed, there exists a sequence (xo)n G (H^)^ converg- 
ing to a point Xoo G H^, such that for all n, Xq G min(/9„) and i{xQ) G min(/i„). 
Then (i(z(xo ), /i^Cos) ' iix^)) is bounded. Moreover, /i„(6|f"'^) = a^"/?]"^. Since 
the axis of the symmetry S = hn^a^) is the axis of the translation ai, we have 

dK"/3r'i(x^),S.ar"/3r'^K)) = d{P^h{x^),S(3^h{x^)), 

and this number is bounded, hence the distance d{hn{b^^).i{xQ), hniasbi^) .i{xQ)) 
is bounded. It follows from the construction of the M-tree T given by M. Bestv- 
ina ( |Bes88] ) that there exist two distinct points of T, x^ and hoo{bi^) ■ x'^ , 
which are fixed by /ioo(a3)- Thus, the segment [xg^, Pooler ^) ' ^o°] globally 
fixed by /ioo(«3)- Since (/looCo^s))^ = idx, in order to prove that there is a 
tripod Trip{a,b,c,d) such that /ioo(a3)(a) = a, /ioo(a3)(&) = b, /ioo(a3)(c) = d 
and /loo (03) (d) = c, it suffices to prove that /ioo(a3) 7^ idx- This follows for 
instance from the fact that /i„(a26ia2 ^) is a hyperbolic element whose fixed 
points in dM.'^ are distinct from those of ai and of hn{bi), hence for n large 
enough the distance between /i„(o26ia2 ^) • i{xn) and the axis of the symmetry 
hn{ai) is of the order of d{hn)- still by the construction of M. Bestvina, this 
yields a point of T which is not fixed by hooia^). □ 

3.3.2 The space has at most 3 connected components 

Now we shall exhibit another example of degeneracy. Fix an injective represen- 
tation p: 7riEg_i PSL(2,'K). The circle being non numerable, there ex- 
ists a point ao G S"*^ = dM."^ such that for all 7 G iriYlg^i, p(7)ao = ao 7 = 1- 
Choose a point xq G IH'^. Denote by An the hyperbolic element whose axis 
passes through xq, with attractive point aQ, and translation length n. We 
define a representation vriSg — > PS'L(2,M) by letting p'n{ai) = p{ai), 
P'nibi) = p{bi) for I < 5 - 1, and p'n{ag) = 1, p'n{bg) = An- 

Proposition 3.32 The sequence {p'n)n ^ converges to an action p^ on 

an M-iree T, which does not depend on p. 
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In |DK06j . J. DeBlois and R. Kent proved that every connected compo- 
nents of Rg-i contain injective representations. It follows that this R-tree is 
a common point to all the dm^}^ in m^, for every k S {0, . . . ,2g — 4}, since, 
of course, the representation is also of Euler class k (this follows immedi- 
ately from Milnor's algorithm, see formula [T]), for all n G N. This proves the 
following result: 

Corollary 3.33 Let g > 2. Then the space mg{2) has at most 3 connected 
components. More precisely, the components of Euler class between and 
2g — 4 all meet at their boundary. 

Moreover, every injective representation in Rg-i of Euler class k, with 
\k\ 1^ "^g — 5, is non elementary (indeed, elementary subgroups of PSL{2,W) 
are virtually abelian, hence they do not contain isomorphic copies of 7riSg_i) 
and non discrete (by W. Goldman's corollary C [G0I88], faithful and discrete 
representations have Euler class 2(7 — 4 or 4 — 2g). Hence, by theorem 12.391 
every conjugacy class of injective representations gives rise to a distinct order. 
These conjugacy classes, by the theorem of DeBlois and Kent |DK06] . have 
the same cardinality as M. Hence, 

Corollary 3.34 The surjective map m° has a fibre which has the car- 

dinality ofR. 

It is known (see |Gol88j ) that the space rn^{3) has two connected compo- 
nents, one containing all the representations of even Euler class in (2), and 
the other containing those of odd Euler class. The following result follows: 

Corollary 3.35 Let g > 3. Then the space mg{3) is connected. 

Proof of proposition 13.321 

We shall first define an R-tree T equipped with an action p^o of vriSg; we 
will then prove that {lP,p'^) — > (T, poo) in n^g- 

Let Q be the Cayley graph of the free product G = 7riSg_i * Z for the 
generating set {ai, 61, ... , Og-i, bg-i, z] where z is one of the two generators 
of the free factor Z of G. Note that the action of G on Q is free, and that 
if e is the edge between 1 and z, then e separates ^, by definition of a free 
product. Let T be the dual graph, in Q, to the set £ of middles of edges of 
Q: its vertices are the connected components of ^ \ iS, with an edge between 
two such connected components if their closures meet. We denote by 1, z the 
vertices of T which are the images of the vertices 1 and 2; of ^, respectively. 
The action of G on Q, which is free and transitive on the vertices, induces 
an action of G on T which is transitive on the edges. The graph T is thus a 
tree, since each of its edges separates it, and the action of G on T is therefore 
minimal, with trivial edge stabilizers. Hence, it is a geometric action of the 
group G on the M-tree T, in the sense of G. Levitt and F. Paulin (see |LP97] ): 
G is the fundamental group of the bouquet of with a circle; denote this 
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complex by S. Then the action of G on T is the action dual to the "lamination" 
defined by any point x of the circle of S. 




The surjective morphism e: vriSg — > G defined by e{ai) = ai and e{bi) = hi if 
i < g — \, and e{ag) = 1, e{bg) = z induces a minimal action poo of ^i^a on T 
by isometries, in which the stabilizer of edges is exactly the normal subgroup 
of TTiSg generated by ag. 

Now we shall prove that (H^, p^) —>■ (T, Poo), in the sense of the equivariant 
Gromov topology. Let P be a finite subset of TTiSg. Let Tp be the minimal 
subtree of T containing the vertices 1, z G C C T, as well as P • 1 and P ■ z. 
Let {xi, . . . , Xjn} be a finite collection in Tp and let e > 0. We need to prove 
that there exists {x'^, . . . , x'^} C such that for all j G {1, . . . , m} and all 

71,72 e P, 

\d (Pn(7l) • a;-,pU72) • x'j) - d(poo(7l) • Xi, Poo{l2) ■ Xj)\ < £. 

For every 7 G P, the element 6(7) G G can be uniquely written as 6(7) = 
wiz"! • • --UfeZ^fc, with ui,... ,Uk € vriSg_i, n2, . . . , / 1 and rii, . . . , Uk-i ^ 
0. Denote by Q C 7riEg_i the set described by all the elements ui, . . . ,Uk as 
7 describes P. Put 

ap= mm (pQ{ui)aQ,xo,poiu2)ao). 

It is a non zero angle. Put also /3p = maxd]g2(a;o, /9o('") ' xq). 

If P is large enough, which we suppose now, the tree Tp is the orbit of the 
segment [T, z] under poo{P)- For all i G {1, . . . ,m} there exists ti G [0, 1] and 
(at least one) Ci & P such that Xi is on the segment [q • 1, Cj • and such that 
d{xi,Ci ■ 1) = ti = 1 — d{x,Ci ■ z). Denote by x'j the element of such that 
^(iH2(a;-,p^(ci)xo) = t = l- ^du2(x^,p'„(cj)yl„a;o). Such a point exists and is 
unique, since (i]g2 (p'„(cj)xo, /o'„(cj)^„xo) = n. By construction of the points x\, 
in order to check that for all i, j G {1, . . . , m} and 71, 72 G P we have 

1^^ (Pn(7i) • a3-,pU72) • x'j) - o?(poo(7i) • a;j,Poo(72) • Xj)\ < e, 

it suffices to do it in the case when Xi and Xj are vertices of the tree T. Suppose 
for instance that = q • 1 and xj = Cj -1 with q, cj G P. Let 71, 72 G P. De- 
note c = 7iCi(72C2)~^ and e(c) = n^+it"*^ • • ■U2t"'^ui, with rii, . . . ,nfe 7^ and 
U2, ■ ■ ■ ,Uk 7^ 1- Since the stabilizer of the edge 1, in the group G, is 7riSg_i and 

k 

since = 1 in the tree T, we check that d (poo(7i)aJi, ^00(72)2:^) = y~^|ni|. 

i=l 

We are going to prove that, asymptotically, the distance ^d^2 (p^ (c) xq, xq) 
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approaches ^^I'^fcl • We work by induction on k. Denote c' = UkZ^''-^ ■ ■ ■ U2z'^'^ , 

i=l 

and suppose that / 1 and that d^2{p'^{c)xQ,XQ) = n^^|nj| + 0(1). Then 

i=l 

k-1 k-1 

d{p'n{c')xo, xq) = 7i^^\ni\, and hence d{A^'' p'^{c')xo, AI^'^xq) = n^^\ni\, and 

1=1 i=l 

d{A'^''Xo,XQ) = n|nfc|. Since G PSL{2,W) preserves the angles, we then 
have An''Pn{d)xo, Au'^xq, xq = /)'„(c')xo, xq, An"'''xo > for P' large enough 
(but depending only on P). This, combined with cosine law I, implies that 

m 

d{A'!^'' p'^{c')xo, xq) = Ti^^\ki\ +0(1). Since d{uk+iXo,xo) < /?, it follows that 

i=l 

k 

d{p'j^{c)xQ, xq) = ri^^\ni\ + 0(1), which completes the proof. □ 

i=l 

3.3.3 The space is connected 

We will now prove theorem 11.21 

Theorem 3.36 

• For all g >2, the space rrig has at most two connected components. More 
precisely, all the connected components, except possibly the one of Euler 
class 2g — 3, meet at their boundaries. 

• For all g > 4:, the space rrig is connected. 

We still consider the generating set S = {ai, . . . , bg} of vriS^. The main 
idea is the following. 

Lemma 3.37 Let T be a finitely generated group and let (p: T ^ PSL{2,M) 
be a discrete, faithful representation of cocompact image. Denote by Bn the 
closed ball of radius n for the Cayley metric on vriSg for the generating set 
S, and suppose that (pn- '^I'^g T is a non injective morphism such that 
Ker{(pn) n Bn = {1}. Then d{(p o (pn) — > +00 as n ^ +cx). Let (T, poo) be an 
accumulation point in drn^ of the sequence {(p o 4>n)nen- ^^c'^ action poo 
has small edge stabilizers. 

Proof 

First, let us prove that lim d^cpocp^) = +00. By contradiction, suppose that 

we can extract a subsequence such that o 0(^(n)))„gp^ converges to a real 
number d G M+. Fix a point xq G H^. Since the image i;^(r) is cocompact, 
there exist g^(^n) £ 



x„ G mm 
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such that the distance d(xo,x„) is unbounded; say d{xo,Xn) < k. Denote by 
Pn the representation • {(p o 0<^(„)) • g~^^y Then for every n > 0, /)„ is 
discrete, and Ker{pn) n = {!}. For every n G N and every 7 S S*, 

d{pn{"y) • xq,xo) < d{pn) + 2A;, and hm„(i(p„) = d hence, by proposition 12.21 
up to extract it, [pn)n converges to a representation p £ Rg. Since the set 
/9„(7riSg) = </>(r) C PS'L(2,M) is discrete and since for all 7 G ttiS^ \ {1}, for 
n large enough Pn(7) 7^ Id, we have /9(7) / Id, hence p is injective. Hence, the 
representation p is discrete and faithful, hence \e{p)\ = 2g—2, thus p is the limit 
of representations pn which are non injective, in particular |e(/>„)| ^ 2g — 2: 
this is in contradiction with the continuity of the Euler class (in fact it is not 
necessary to use the Euler class here, but it gives the shortest proof). 

Now denote pn = ° 4'n- It follows that there exists an accumulation 
point (T, /3oo) £ dm'^ of the sequence {pn)n^fq- We still have to prove that this 
action has small edge stabilizers. But our representation /)„, for all n > 0, 
is discrete. We can therefore apply the same argument as M. Bestvina and 
F. Paulin ( |Bes881 IPau88j ). consisting of applying Margulis' lemma. Here we 
follow the lines of the proof of theorem 6.7 of |Pau88j . pages 78-79, and refer 
the reader to this text for more details. 

Margulis' lemma: There exists a constant p > 0, depending only on n, such 
that for every discrete group T of isometrics o/H", and for all x G H", the 
subgroup generated 6?/ {7 G F | d(x,7x) < p} is virtually ahelian. 

Let us suppose that there exists a segment [a;oo,yoo] of the limit M-tree, 
whose stabilizer contains a free group of rank 2. Up to considering a sub- 
group of index 2, we may suppose that there exists a free group of rank 2, 
(a, /3) C TTiSg, such that a and /3 fix x^o and yoo- Hence, for all e > 0, and for 



i-T(ie2(x„,y„) - 1 
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n large enough, there exist Xn,yn S H such that 
de2(x„,p„(a)x,i) < e£{pn), (?/„,/)„ (a) y„) < e£{p„), and similarly f or pnjP) - 
Denote by Zn the middle of the segment [xn, Vn]- it can be proved (see |Pau88j ) 
that if £ is small enough and if i{pn) is large enough, then the elements 
[pn{a) , pn{/3)] and [pnia^) , Pn{P)] move the point Zn by a distance less than 
p. By Margulis' lemma, the elements pn{[a, f3]), pn{[o('^ , /3]) G P5L(2,M) gen- 
erate a virtually abelian subgroup of PSL{2,M.). But it is an easy exercise 
(see e.g. |Wol07| . lemme 1.1.18) to check that virtually abelian subgroups 
of PSL{2,M.) are metabelian, i.e., all the commutators commute. In partic- 
ular, denote for instance w{a,P) = [[[a,/3], [a^,/?]], [[a,/5]^, [a^, /?]]]: then we 
have pn{w{a, /3)) = 1 for all n large enough. If n is large enough, and larger 
than the length of the word w{a, (3) in the generators ai,bi, this implies that 
w{a,P) = 1 in VTiSg (since Ker{pn) n Bn = {1}), which contradicts the fact 
that (a, 13) is free. Hence, the action p^o indeed has small edge stabilizers. □ 

Proof of theorem 13.361 

• Fix a cocompact Fuchsian group F, a subgroup F2 C F isomorphic to a 
free group of rank 2, and (p: T ^ PSL{2,W) the tautologic representa- 
tion (the inclusion). Consider the morphism (/>„: vriS^ — > F2 given by 
theorem 12.421 and let pn = (p o (p^- Then p„ factors through the free 
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group, which has a trivial H^, hence by remark [2.341 the representation 
Pn has Euler class zero. By lemma 13.371 (/5ra)„gN possesses an accu- 
mulation point (T, Poo) £ dnig, which has small edge stabilizers. By R. 
Skora's theorem |Sko96| . this implies that this limit is also at the bound- 
ary of the Teichmiiller space; in other words, this action on an M-tree is 
also the limit of representations of Euler class 2g — 2. Hence, the closures 
of the connected components of of Euler classes and 2g — 2 meet. 
By corollary 13.331 we already knew that the connected components of 
Euler classes 0, 1, . . . , 2g — 4 meet at their boundaries; this concludes 
the proof of the first point. 

• By proposition 4.5 of |FW07j . the map pg: vriS^ P5L(2,]R) that we 
defined in section is discrete and has Euler class 2g — 3. We have seen 
(lemma l2.43p that for all n > 0, there exists (f)n G Aut^niTig) such that 
Ker{pg o (pn) CiBn = {1}. The representation pg o is still discrete, and 
we have \e{pg o (j)n)\ = 2g — 3, hence, as before, the lemma [3.371 ensures 
that the connected components of rUg of Euler classes 2g — 3 and 2g — 2 
meet at their boundaries. 

□ 

Remark 3.38 For all g>2, consider the action {poo,T) exhibited in proposi- 
tion \3.3iA The representation poo : vriSg — > Isom{T) factors through the group 
7riSg_i * Z, which acts on T with trivial arc stabilizers. Since there exists a 
morphism 7riSg_i *Z — » F2 with non abelian image to some free group of rank 
2, as in section [2751 we can prove that there exist automorphisms (pn of niTig 
such that Ker{poo o 0„) ri Bn = {!}• Following the proof of lemma 5.7 of 
]Pau88^ (see also remark (1), page 13 in \Pau88^ ). we can prove that up to 
extract it, the sequence {poo o 0„,T) converges to an action on an M-tree with 
small stabilizers. This proves that for all g > 2 and all k £ {0, . . . ,2g — 4}, 

Hence, for all g > A and all k £ {0, ... , 2g — 3}, we have "i^^nm^ 2^-2 7^ ^• 
3.3.4 Dynamics 

Finally, here we complete the proof of theorem 11.11 which implies that the 
compactification is extremely degenerated, pledging that m° is a more 
natural object to consider and to try to generalize to higher dimensions and 
to the compactification of other representation spaces. 

Proposition 3.39 Let g > 4 and k G {0,... ,2g — 3}. Then the boundary 
of the Teichmiiller space embeds in drn^^ C rn^ as a closed, nowhere dense 
subset. 

Proof 

Fix 5 > 4 and k G {0, . . . , 2g' — 3}. Put F^ = drn'^^2g~2 ^ ^"^g fc- remark 
13.381 we have / 0. Since 2^-2 ^'^d ^ are invariant under the (natural) 
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action of Out{TTiT,g), it follows that is invariant, too, under this action. It is 
well-known (see |FLP91j . expose 6, theorem VII. 2, p. 117 ; see also |Mas85j ) 
that the action of Out{TTi'Eg) on dm'^2g-2 minimal, that is, every closed 
subset of dmg 2g-2' invariant under Out{'iriT,g), is either empty of is ^-3^29-2 
itself. Since Fk is a closed subset, this implies that dm'^ 2g-2 = Fk C drrig ^. 

Now denote by Gk the boundary of dm'^2g-2 ™ space dm^^. We 
can easily produce elements in dirn^^ which do not have small stabilizers (if 
k < 2g—4: then the tree {poo,Too) of proposition [3]32] is an example; if A; = 2g—3 
then we can compose the map pg with Dehn twists along the last handle: this 
does not touch the kernel of the map pg, hence this yields a sequence of actions 
with a fixed non trivial kernel in TTiSg, converging (up to extract it) to an ac- 
tion on an M-tree, with this non trivial kernel). Hence, dm^ ^ 7^ ^^g2g-2- 
proposition 13.21 the space m^j^ is connected: it follows that Gk 7^ 0- Since 
dm^2g-2 is closed, we have Gk C dm'^2g-2i ^k is again invariant under 
the action of the mapping class group. Hence, Gk = dm^2g-2- 
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